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GENERIC (MOD-7) GEOMETRIC AND TRANSFORMATIONAL 
APPROACHES TO VOICE LEADING IN TONAL MUSIC 
 
 
This dissertation develops a variety of geometric and transformational spaces to describe voice leading in tonal 
harmonic progressions. Whereas existing mathematical approaches using geometric and transformational 
techniques draw on Forte’s (1973) mod-12 pitch-class set theory, the tools developed in this dissertation build 
upon Clough’s (1979) mod-7 diatonic set theory. These musical spaces are constructed from generic pitch space, 
where each element represents an equivalence class of registrally differentiated letter names with any number of 
accidentals attached. 
 After a review of existing transformational and geometric approaches in Chapter 1, Chapter 2 
reconstructs the geometric approach of Callender, Quinn, and Tymoczko (2008) using generic pitch space. It 
defines the OPTIC equivalence relations for mod-7 space and then presents generic versions of the geometric 
voice-leading spaces. Due to differences in the mathematical properties of generic pitch space and continuous 
pitch space, the mod-7 OPTIC spaces exist only as discrete graphs, unlike the continuous topological mod-12 
versions. Chapter 3 draws on transformational techniques, specifically those described as “neo-Riemannian” 
(Cohn 1996, 1997, 1998). After examining challenges of using mod-12 transformations to describe functional 
progressions, it explores ways of defining parsimonious transformations on mod-7 triads. The main theoretical 
apparatus of the chapter is a transformation group that acts on the set of 21 generic triads differentiated by 
closed-position inversion.  The group is generated by the “voice-leading” transformation, v1, which relates triads 
by ascending, single-step motion. A few extensions to this group are proposed, including one that combines 
geometric and transformational techniques to describe voice leading in non-triadic sonorities. Chapter 4 studies 
chromatic applications of these geometric and transformational systems by incorporating existing approaches to 
scalar voice leading with the generic tools introduced in Chapters 2 and 3. 
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 1 
INTRODUCTION 
 
 
 
The harmonic progression in Figure 0.1a would likely appear partway through a first-semester undergraduate 
course in diatonic harmony. The roman numerals below the staff adequately “analyze” the progression, 
illustrating the relationship of each sonority to the tonic, as well as showing the motion of chord roots 
throughout the progression. Given the initial voicing of the C-major tonic and the string of roman numerals, 
most first-semester students would be expected to produce a progression with nearly identical voice leading, 
regardless of the fact that the roman numerals provide no guidance as to the individual motion of each voice. 
Such a student would have likely encountered the textbook advice that, in the common-practice style, “…our chief 
concern is for minimal movement of voices” and that “smooth melodic motion is a primary requirement when 
connecting chords” (Laitz 2016, 177). Undergraduate harmony courses continually reinforce this conception of 
musical space through four-voice part-writing assignments, figured-bass realizations, and keyboard exercises.  
 
Figure 0.1. Two harmonic progressions with the same generic voice-leading structure. 
(a)       (b) 
Compare that progression to the one in Figure 0.1b, which our hypothetical undergraduate student 
would likely not encounter in music theory class for several more semesters. Although it’s still possible to label 
root-interval motion with roman numerals, such an analysis fails due to the absence of functional harmonic 
relationships. Instead, this type of progression is often described as a “suspension of tonal gravity” due to the fact 
{
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that it divides the octave into equal segments—in short, it inhabits a different kind of musical space.1 
Traditionally, the field of music theory considers these two progressions to reside in completely different 
categories: one is simple, the other is complex; one is functional, the other is non-functional; one evokes 
traditional tonal methods, the other requires more complex justification. In fact, in the context of an 
undergraduate curriculum, the discovery of such a progression that equally divides the octave might serve as a 
transition to post-tonal methodologies, and roman numerals may soon be eschewed for pitch-class circles. 
In this vein, the progression in Figure 0.1b is the same as that which motivates an article by Richard 
Cohn (1996), notably one of the very first places where the term “neo-Riemannian theory” appears in print.2 
Building on Lewin’s brief mention of triadic transformations in Generalized Musical Intervals and 
Transformations (1987), Cohn draws a connection between the PLR transformations and the voice-leading 
potential of the consonant triad, a property that derives from the structure of the triad as a (037) set class in 
mod-12 space. In the decades that followed, further studies of transformational theory led to the development of 
new methodologies, including geometric theory (Callender, Quinn, Tymoczko 2008), that capture parsimonious 
relationships between different types of set classes. Along with providing novel analytical tools, these approaches 
often involve thinking about the structure of chords in ways that expose captivating abstract mathematical 
relationships. 
   Nearly a decade prior to the publication of GMIT, a mathematical approach developed by John 
Clough adapted Forte’s (1973) set theory for the study of tonal music. Unlike mod-12 set theory, Clough’s 
(1979) mod-7 set theory makes distinctions based on chord spelling: each of the seven pitch classes represents a 
different letter name. Clough’s subsequent work with diatonic sets led to two seminal joint articles: one with 
Gerald Myerson (1985) exploring the relationship between mod-7 and mod-12 structures, and another with Jack 
Douthett (1991) generalizing this work to propose the concept of the “maximally even set.” In recent years, 
                                               
1 This description, quoted by Cohn (1996, 11), originally appears in Salzer and Schachter 1969, 215. 
 
2 In Cohn’s article (1996, ex. 1a) the progression appears in E major. 
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Julian Hook (forthcoming) has formalized the mathematical properties of mod-7 pitch space as a counterpart to 
mod-12 pitch space. He describes that space as “generic,” a term originally coined by Clough and Myerson, to 
convey that mod-7 space can be used outside of strictly diatonic contexts. Understood with such a “generic” 
interpretation, each element in the mod-7 pitch space represents a letter name with any accidental attached.  
With this distinction between generic and chromatic space in mind, a return to Figure 0.1 reveals a 
similarity in the two progressions: an emphasis on smooth voice leading. Figure 0.1b involves the kinds of 
parsimonious relationships that the original mathematical methodologies were designed to capture, those often 
found in music on the fringes of the common-practice era. But the functional progression in Figure 0.1a also 
exhibits a kind of parsimonious voice leading—the kind emphasized by the first few chapters of any 
undergraduate tonal harmony textbook. Whereas Figure 0.1b contains parsimonious motion between all twelve 
notes of a chromatic scale, Figure 0.1a contains smooth motion between all seven notes of a diatonic scale. 
It is here that we’ve arrived at the central question of my dissertation: How can geometric and 
transformational approaches to voice leading be adapted to capture the familiar voice-leading relationships 
inherent in diatonic—and more generally, tonal—music? Although it is possible to map diatonic progressions in 
the mod-12 voice-leading spaces, or analyze them with the neo-Riemannian transformations, doing so often 
results in analyses that seem clumsy or unintuitive. Quite often such analyses fail to capture the simplicity of the 
progressions themselves, since the mod-12 tools are constructed from the fundamental unit of the chromatic 
semitone, rather than the mod-7 diatonic step. 
The significance of this question, as well as my use of the term “generic” as opposed to “diatonic” in the 
title of the project, is illustrated by another similarity between the progressions in Figure 0.1. Under the 
assumption of generic equivalence, the upper voices of these two progressions are absolutely identical. In other 
words, removing the accidentals from the chromatic progression (with this particular spelling) transforms its 
upper voices into those of the diatonic progression. When interpreted as generic spaces, the mod-7 tools 
constructed in this dissertation capture relationships that apply more broadly to tonal voice leading, even to 
progressions featuring heavy chromaticism.  
 4 
Although the musical spaces developed in my dissertation have analytical potential, the dissertation is 
primarily theoretical in nature. My goal is not to capture the harmonic idiosyncrasies in any particular Mozart 
sonata or Beethoven symphony; rather, I’m interested in examining how the abstract mathematical structures of 
tonal sonorities—when interpreted in generic (mod-7) space—facilitate familiar patterns of voice leading. As a 
result, my musical examples are the sort of fabricated four-voice progressions found in the pages of tonal 
harmony textbooks, those that aim to depict a type of simplified, yet normative, tonal behavior.  
Due to its lack of analytical aspirations, much of the prose in the following pages details the 
mathematical formalism of technical systems, often in a manner that (I believe) seems too rigid for a document 
that claims to be concerned with music. The theoretical systems that I present almost completely exclude all 
parameters except pitch, ignoring metric placement, texture, and even harmonic function—all aspects that play a 
large role in how we perceive of such pitch relationships. With that in mind, I encourage readers to stay 
cognizant of one underlying theme: methodological perspective. Ultimately, this document aims to look at 
familiar musical building blocks from a new perspective. The two central methodologies of this project 
(geometric theory and transformational theory) each excel at capturing some aspects of tonal voice leading, but 
they are each challenged by others. The strengths and weaknesses of each system underscore the fact that 
translating musical structure into mathematics forces us to be interpretive: we must make decisions about both 
what to represent and how mathematics can represent it. Above all, this work emphasizes the fact that many of 
the properties that we ascribe to basic musical elements, such as scales and triads, are not inherent in the musical 
objects themselves, but rather are a result of one’s vantage point.  
Another note to the reader: despite the mathematical nature of this project, I have attempted to present 
this work in a manner that communicates these technical concepts to a broad audience of music theorists. The 
document assumes little background knowledge of the literature or approaches of mathematical music theory. 
While all attempts have been made to preserve preciseness, formal language is used sparingly, and technical prose 
is always followed by a more approachable description.  
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This dissertation is largely organized by methodology. Chapter 1 primarily serves as a literature review, 
surveying the development of both transformational theory and geometric theory, and highlighting existing 
connections between the two approaches. This chapter also introduces some relevant mathematical concepts, 
presented abstractly to allow for a wide range of subsequent musical applications.  
Chapter 2 is exclusively concerned with geometric theory. It begins by extending mod-7 set theory by 
defining the OPTIC equivalence relations (i.e., the assumption of equivalence based on octave, order, 
transposition, inversion, and doubling) to act on mod-7 pitch sets. It then constructs the main theoretical 
apparatus of the chapter, generic versions of the geometric voice-leading spaces. These fundamentally discrete 
spaces are constructed in two ways: first, from lists of generalized set classes, and second, as discrete subsets of 
continuous topological spaces.  
Chapter 3 turns toward transformational theory, examining ways that mod-12 triadic transformational 
thinking, often that described as “neo-Riemannian,” can be adapted to study smooth voice leading in diatonic 
harmony. After examining the challenges of using mod-12 transformations to analyze functional progressions, it 
constructs a transformational system that acts on generic triads and is capable of differentiating between closed-
position spacings of the upper voices of traditional four-voice progressions. The chapter concludes with some 
extensions of this system, most notably a version that generalizes the transformations to act on paths through the 
geometric mod-7 voice-leading spaces introduced in the previous chapter. 
Since Chapters 2 and 3 center around diatonic syntax, Chapter 4 examines chromatic applications of 
these mod-7 systems. Drawing on existing transformational and geometric approaches to voice leading between 
scales, it extends the transformation group from Chapter 3, constructing a transformational system that can 
describe voice leading in both functional and non-functional chromatic progressions, and that can differentiate 
between enharmonically equivalent chord spellings. This transformational system is then expanded to allow for a 
wider variety of chords and scales. Eventually, this leads back to the geometric approach, drawing on the generic 
voice-leading spaces of Chapter 2. 
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CHAPTER 1: 
MATHEMATICAL APPROACHES TO VOICE LEADING 
 
 
 
Our understanding of the structure of musical chords relies on the basic ways in which we conceive of musical 
pitches and their relationships to one another. Accordingly, this chapter begins by reviewing the musical spaces 
that serve as the foundation to the project (§1.1). It then provides a brief survey of two mathematical approaches 
to the study of musical structure, transformational theory (§1.2) and geometric theory (§1.3), and concludes with 
a brief review of diatonic set theory (§1.4). In addition to establishing a baseline of current methodologies, this 
literature review aims to accomplish several broader objectives: first, to illustrate connections between 
transformational and geometric theory; second, to review some of the key mathematical structures employed in 
subsequent chapters; and finally, to highlight the ways in which the assumptions that we make about chordal 
structure facilitate the underlying machinery of each existing approach. On a more rudimentary level, this 
chapter also serves to formally establish the terminology and notational conventions adopted throughout the rest 
of the project. 
 
 
1.1. INTRODUCTION: FOUNDATIONAL PITCH SPACES 
Pitch space can be imagined as a number line (Figure 1.1). The discrete version (PITCH) contains elements that 
correspond to infinitely many note names, or keys on an imaginary piano that spans an infinitude of octaves.1 As 
is conventional in set theory, pitch space assumes enharmonic equivalence. Continuous pitch space (CPITCH) 
contains not only all of the elements of PITCH but also the notes with frequencies in between the discrete keys of 
                                               
1 The terminology and labels for pitch spaces throughout this dissertation follow the conventions established in Hook 
forthcoming. 
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a piano, which are accessible to a violinist or singer. Mathematically, this difference can be seen by comparing 
intervallic measurements in the two spaces: the intervals in discrete pitch space take values of the integers (ℤ), 
while the intervals in continuous pitch space take values of the real numbers (ℝ). These measurements relate to 
the interval group of each space, a concept defined formally in §1.2.1. 
 
Figure 1.1. Pitch space (PITCH) and continuous pitch space (CPITCH). 
 
The space PITCH is discrete, so it can be represented as a graph—a mathematical structure consisting of 
discrete vertices connected by edges (defined in §1.2.7). Since each edge of this graph represents motion by single 
semitone, the figure as a whole can be considered a rudimentary example of a discrete voice-leading space (defined 
in §1.3.3) depicting the motion of a single voice in mod-12 space.2  
If we allow for octave equivalence, we let the pitch-class name “C” represent the infinite collection of C’s 
in all registers. Applying this mathematical equivalence relation (defined in §1.3.4) turns the infinite line of 
pitches into either a discrete or a continuous version of the familiar mod-12 pitch-class circle, pitch-class space 
(PC) or continuous pitch-class space (CPC) (Figure 1.2). With octave equivalence, all elements of CPC are 
represented by real numbers mod 12. For instance, the pitch labeled −0.5 in CPITCH is now identified by its 
mod-12 equivalent, 11.5; this element now represents an entire equivalence class, the set of all pitches in any 
octave that lie exactly halfway between B and C. The interval group of the discrete version, pitch-class space (PC), 
is the integers mod 12 (ℤ12), whereas the interval group of its continuous counterpart, continuous pitch-class space 
(CPC), consists of the real numbers mod 12 (ℝ12). As before, all elements of PC are integer valued, so the space 
                                               
2 The continuous version is also an example of a continuous voice-leading space depicting the motion of a single voice.  
 
 8 
can be considered a discrete graph. Since this space represents the motion of a single voice with octave 
equivalence, we can consider it to be a discrete voice-leading space with octave equivalence, a 1-voice mod-12 O-
space. 
 
Figure 1.2. Discrete (PC) and continuous pitch-class space (CPC). 
 
A separate category of pitch spaces can be constructed using generic pitches—these will serve as the 
foundation of the mod-7 spaces. The elements of these spaces are a completely different type of object than those 
found in PITCH or CPITCH, designed to emphasize differences in spellings.  
In generic pitch space (GPITCH), each element represents an equivalence class of registrally differentiated 
letter names with any number of accidentals attached (Figure 1.3). For instance, C4 represents not only C♮4 but 
the entire set {…, C♭♭4, C♭4, C♮4, C♯4, C♯♯4, …}. Mathematically, the difference between the properties of this 
space and those of the chromatic spaces is that generic pitch space exists only in a discrete form.  
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Figure 1.3. Generic pitch space (GPITCH). 
 
Since the elements of generic pitch space are not specific frequencies, it does not make sense to consider 
the element with generic pitch number 2.5—such an element would exist somewhere between “some kind of E4” 
and “some kind of F4.” The inherent discreteness of generic pitch space corresponds to the fact that the space’s 
interval group is the group of integers (ℤ). Although the space is fundamentally discrete, we can still visualize it as 
a subset of a continuous number line, in a similar manner to how we might imagine a number line when counting 
whole numbers.  
Generic pitch space can be used to illustrate relationships in any seven-note scale containing each of the 
seven letter names. Individual diatonic collections can be represented by more specific versions of this space. 
These diatonic spaces are labeled DPITCH(n), where n corresponds to the number of sharps or flats in the 
collection.3 For example, if we let all F’s and C’s represent F♯’s and C♯’s, and assume the natural version of all 
other letters, then the space would represent a 2-sharp diatonic collection, DPITCH(+2). 
As with the chromatic spaces, we can apply the octave equivalence relation to wrap the number line into 
a circle, resulting in mod-7 generic pitch-class space (GPC) (Figure 1.4). Since the original space GPITCH is discrete, 
the space with octave equivalence is also fundamentally discrete. This space can also represent a diatonic 
collection with octave equivalence, DPC(n). 
                                               
3 The index n also represents the central note of the diatonic collection when represented as a cluster of seven notes on the 
line of fifths with D assigned as spelled pitch-class number 0 (see Figure 4.2). 
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I conceive of the points in all of these spaces as abstract objects that do not directly represent 
frequencies. If desired, the points could be mapped to specific acoustical tunings by a mathematical function that 
associates each point with a frequency.4   
 
Figure 1.4. Generic pitch-class space (GPC). 
 
 
                                               
4 This approach contrasts with Tymoczko’s (2011, 28–30), which considers each point to represent a frequency. Tymoczko 
provides an equation to convert frequencies into pitch numbers, with A4 mapping to 440 Hz (29).  
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1.2. TRANSFORMATIONAL THEORY 
 
Although geometric theory and transformational theory both use mathematical approaches to describe smooth 
voice leading, they each borrow tools from different branches of mathematics: geometric theory uses geometry 
and topology, while transformational theory uses abstract algebra. Musical transformations are what 
mathematicians call functions: mappings between two sets of abstract objects. In music theory, these sets of 
abstract things often contain scales, chords, or other musical building blocks. 
Before reviewing the foundational literature on transformational theory, it is useful to define my usage 
of three terms: transformational theory is the branch of music theory that studies musical objects using algebraic 
groups; triadic transformational theory is the subset of transformational theory that defines transformations 
between triads, usually the set of 24 major and minor triads; and neo-Riemannian theory is the subset of triadic 
transformational theory that specifically examines parsimonious relationships in triadic music, usually using the 
P, L, and R transformations inspired by the work of Hugo Riemann. Since this dissertation primarily concerns 
voice leading, I am often interested in the three classic “neo-Riemannian” transformations due to their 
parsimonious properties. In an attempt to avoid attaching a name to a theory, I adopt the convention of using 
“PLR transformations” to refer to the “neo-Riemannian transformations.”5  
As mentioned in the introduction, the literature on neo-Riemannian theory was established by a series 
of articles by Cohn (1996, 1997, 1998), which drew upon the brief mention of triadic transformations in Lewin’s 
seminal introduction to transformational theory, Generalized Musical Intervals and Transformations (1987), and 
Hyer’s study of Riemann’s harmonic theory (1995). Subsequent theoretical literature in the area of neo-
Riemannian theory expanded the field in a number of different directions: some scholars generalized the 
transformations to act on sets containing non-triadic sonorities (Childs 1998, Callender 1998); some became 
                                               
5 See Hook 2002, 61 and Cohn 2012, xiii. Occasionally, I use the term Riemannian with the formal definition defined by 
Hook (see footnote 21). 
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interested in the complex structure of the algebraic groups containing triadic transformations, as originally 
defined on the set of consonant triads (Hook 2002); and some, inspired by tonnetz representations of the PLR 
transformations, constructed new graph-theoretic representations of parsimonious relationships (Gollin 1998, 
Douthett and Steinbach 1998) which would subsequently lead to the further development of geometric 
techniques.  
 
1.2.1. GENERALIZED INTERVAL SYSTEMS 
David Lewin’s introduction to transformational theory in GMIT famously transitions from an intervallic 
approach to a transformational one. Lewin’s first example of a musical space is a diatonic version of GPITCH with 
no accidentals:  
The musical space is a diatonic gamut of pitches arranged in scalar order. Given pitches s and t, 
int(s, t) is the number of scale steps one must move in an upwards-oriented sense to get from s 
to t. Thus int(C4, C4)=0, int(C4, D4)=1, int(C4, E4)=2, and int(C4,C5)=7. Int(C4, A3)=–2, 
since moving “–2 steps up” amounts to moving 2 steps down.  
 Using these measurements, if we take 2 steps up (e.g. from C4 to E4) and then take 2 
more steps up (in this case, from E4 to G4), we have taken 4 steps up in all (in this case, from C4 
to G4). Symbolically, int(C4, E4)=2, int(E4, G4)=2, int(C4,G4)=4, and 2+2=4. The intervallic 
measurements of the model thus interact effectively with ordinary arithmetic. This obviates a 
defect in the traditional measurements which tell us, for example, that a “3rd” and another “3rd” 
compose to form a “5th.” (3+3=5 ???). (Lewin [1987] 2007, 16–17) 
 
This diatonic space serves as Lewin’s first example of a generalized interval system. The interval structure 
of the space remains the same whether we conceive of it as DPC(0) or GPITCH; here, we’ll let it represent 
GPITCH. Understanding this space as a generalized interval system (GIS) requires us to identify three 
components: a space (S), a group of intervals (IVLS), and an interval function (int) mapping S×S to an 
interval in IVLS.  
The space (S) is a collection of objects. In this example, S is the set of elements of GPITCH, each 
of which can be identified as a letter name with register designation:  
GPITCH ={…, B3, C4, D4, E4, F4, G4, A4, B4, C5, D5, …}. 
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The group of intervals (IVLS) is a collection of all possible interval measurements in the space. 
In this example, IVLSGPITCH is a set containing all possible numbers of generic scale steps between any two 
registrally differentiated letter names. These measurements can be either positive or negative; they are 
positive when measured from a lower note to a higher note, and negative if measured from a higher note 
to a lower note. Thus, in the example above, IVLSGPITCH is the set of integers (ℤ). In formal notation:  
IVLSGPITCH = {…–3, –2, –1, 0, 1, 2, 3, …} = ℤ. 
As Lewin reminds us, this way of counting diatonic steps as integers differs from our usual 
generic interval sizes, “second,” “third,” “fourth,” etc., but the addition of integers is more 
mathematically conducive.6  
 
Figure 1.5. Diagram of the int function. 
                                               
6 Most diatonic and generic interval measurements in this dissertation will require notating intervals as integers; however, 
for ease of reading, I will frequently refer to our standard intervallic measurements in the text. 
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The interval function int maps pairs of elements from S into IVLS, as shown abstractly in 
Figure 1.5. The set S×S, formally “the Cartesian product of S with itself,” is the set of all ordered pairs 
(x, y), where x and y are both elements of S. The function int can be written using the following 
notation, which indicates that the domain of the function is S×S and the range is IVLS:7  
int: S×S ➝ IVLS.  
As an example, int maps (C4, E4), an element in the set GPITCH × GPITCH, to 2, an element in 
IVLSGPITCH, because E4 is two scale steps above C4. The order of elements in the ordered pair matters, so 
the element (C4, E4) is different from (E4, C4). The function int maps (E4, C4) to –2, since C4 is two scale 
steps below E4.  
To form a GIS, the three components (S, IVLS, int) are required to satisfy two properties, 
illustrated in Figure 1.6:  
1. Homogeneity: For every element x in the space S and for every interval i in the interval 
group IVLS, there exists one and only one element in S such that int (x, y)= i.  
2. Interval-Sum Equation: For all x, y, z in S, int(x, y) + int(y, z)=int(x, z).8 
 
                                               
7 For any mathematical function, the set of all possible input values is the domain and the set of all possible output values is 
the range. 
 
8 The names of these two requirements are adapted from Hook forthcoming. The original versions appear in Lewin [1987] 
2007, 26. 
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Figure 1.6. Properties of a GIS (after Hook forthcoming, fig. 5.5);  
(a) homogeneity and (b) the interval-sum equation. 
 
(a)             (b) 
 
 
 
The first property is best demonstrated through an example. If we begin with the element E4 in 
GPITCH and the interval –3 in IVLSGPITCH, a “descending fourth,” then there is a single element in 
GPITCH, specifically the pitch B3, that lies that interval below E4. More generally, this property 
guarantees that in any GIS, given any element in S and any interval in IVLS, there is always exactly one 
element in S that lies that interval away from the original element. 
 The second property describes a way of combining intervals in the space. Borrowing Lewin’s 
example: since int(C4, E4)=2 and int(E4, G4)=2, we can apply the interval-sum equation to deduce that 
int(C4, G4)=int(C4, E4) + int(E4, G4)= 2+2 =4; G4 is a fifth above C4. 
Combining intervals using the interval-sum equation doesn’t necessarily use ordinary addition. 
The specific operation used to combine intervals in IVLS relates to the fact that the intervals in IVLS 
form an algebraic group (see §1.2.2). As will be described in more detail below, the operation used to 
“add” intervals in the interval-sum equation is the operation defined by the algebraic structure of the 
interval group. 
 16 
As another example of a GIS, consider generic pitch-class space, GPC (Figure 1.4). The elements 
in this space are represented by the set {C, D, E, F, G, A, B}.9 As before, the interval function int takes 
two elements as inputs and outputs the interval between them; here, that interval is measured by 
counting in a clockwise direction around the circle. Unlike in the previous example, now there are a 
finite number of intervals in the interval group:  
IVLSGPC = {0, 1, 2, 3, 4, 5, 6}. 
Since this space is a GIS, the three components—GPC, IVLS GPC, and int GPC—must satisfy the 
properties of homogeneity and the interval-sum equation. As an example of homogeneity: given the 
letter name A and the interval 4 (a “fifth”), there is exactly one generic pitch-class a fifth above A, the 
pitch-class E. The interval-sum equation is illustrated by the following example: int GPC(C, D) =   
int GPC(C, G) + int GPC(G, D) = 4 + 4 = 1. This is an example where the sum of the intervals is not simply 
the algebraic sum of the two integers; “8” is not an element of IVLS GPC, so it cannot be the sum of the 
two intervals. In GPC, IVLS GPC is not the integers, but rather, the integers modulo 7 (ℤ7). Thus, 8 (mod 
7) = 1, so int(C, D) = 1 and D is one letter name above C.  
 
1.2.2. ALGEBRAIC GROUPS 
One of Lewin’s requirements for a generalized interval system is that the set of intervals (IVLS) must 
form an algebraic group, a type of mathematical structure studied in the field of abstract algebra. In 
many ways, the requirement that IVLS must have a group structure captures our intuitions of how 
intervals combine with one another. In this section, we’ll review the general requirements of an algebraic 
group. Although most of our examples in this chapter involve pitches or pitch-classes, I intentionally 
keep the definitions as general as possible since these mathematical structures will be used to represent 
more abstract musical objects in subsequent chapters.   
                                               
9 This is example 2.1.4 in Lewin [1987] 2007, 17. 
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A group is an algebraic structure comprised of two components: a set of objects (G) and a binary 
operation (+), the latter of which dictates how any two elements the set G can be combined together.10 
Technically the group is made up of both components, but we often use “G” to refer to the interval 
group if the binary operation is implied. In a GIS, the interval group IVLS serves the role of G, so the 
objects in the set are intervals.  
The particular binary operation depends on the intervals that make up the set G. The group 
(G,  +) must satisfy the following four group axioms: 
• Closure: For all elements x and y in G, x + y is an element of G. 
• Associativity: For all elements x, y, and z in G, (x + y) + z = x + (y + z). 
• Identity: There exists an element e of G such that x + e = e + x = x for every x in G. 
• Inverses: For every element x in G, there exists an element x′ in G such that x + x′ = x′ + x = e. 
 
Algebraic groups are further classified based on their type of structure. A detailed description of 
group classification is beyond the scope of this chapter, but I will briefly describe two types of groups 
that will appear with some frequency in the following pages: 
• A cyclic group (𝒞n) is a group generated by powers of a single element. If a group if cyclic, then 
there is an element a in G such that every element of G is a power of a; In this case, a is called 
the generator of the group. Since we are using an additive notation for the group operation, the 
element representing “a to the power of 2” (a2) is actually a+a = 2a. In musical applications, 
transposition groups are often cyclic groups. In a cyclic group 𝒞n, n is the number of elements in 
the group, also called its cardinality or order. 
                                               
10 A formal definition of an algebraic group can be found in Dummit and Foote 1999, 16. 
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• A dihedral group (𝒟n) is the group of rotations and reflections of a polygon with n sides. In 
musical applications, often the rotations correspond to transpositions and reflections 
correspond to inversions. The order of a dihedral group is 2n.11  
 
1.2.3. IVLS AS AN ALGEBRAIC GROUP 
In generic pitch space (GPITCH), IVLS contains all possible numbers of diatonic steps. These 
measurements can be positive or negative, depending on whether the intervals ascend or descend. The 
intervals can only take integer values; this requirement captures our intuition that there is no interval 
between a diatonic third (the element “2” in IVLS GPITCH) and a diatonic fourth (the element “3” in 
IVLSGPITCH). Thus, an element such as “2.5” cannot belong in the set. The intervals in the set can be larger 
than an octave; for instance, a descending diatonic tenth is represented by the element “–9.” Since there 
are infinitely many diatonic steps, IVLSGPITCH contains an infinite number of elements:  
{…–3, –2, –1, 0, 1, 2, 3, …}. The binary operation in this example is addition, mirroring the way in which 
we intuitively combine intervals: an ascending third (“2”) combined with an ascending sixth (“5”) forms 
an ascending octave (“7”) because 2+5=7. Since each interval in IVLSGPITCH identifies with a single 
integer in ℤ, the group IVLS GPITCH is isomorphic to the group of integers under addition (ℤ, +).12 It can 
easily be confirmed that the intervals in IVLSGPITCH satisfy the group axioms above. 
The interval group in generic pitch-class space (GPC) is slightly more complex. The set of 
intervals in this space is finite, specifically the set {0, 1, 2, 3, 4, 5, 6}. In this interval space, intervals must 
be positive whole numbers less than or equal to six. Negative numbers are not allowed because intGPC is 
defined as distance measured in a clockwise direction. The binary operation in this group is addition 
                                               
11 The notation for dihedral groups is not standardized: some texts use the label 𝒟2n as notation for a dihedral group of order 
2n.  
 
12 Informally, an “isomorphism” means that the two groups have identical structure; we might even say that IVLS “is” (ℤ,+).  
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modulo 7, since moving seven steps in the clockwise direction around the pitch-class circle brings us 
back to the starting location, i.e. 7 (mod 7) = 0. With the binary operation of addition mod 7, this set 
also forms a group; the structure of this group is the integers mod 7 (ℤ 7). 
 
1.2.4. TRANSFORMATION GROUPS 
In GMIT, Lewin famously transitions from a way of conceiving of relationships between musical objects 
using intervals—the GIS approach—to one involving transformations. Any generalized interval system 
can be redefined as a group of transformations and any transformation group that satisfies the property 
of simple transitivity (defined below) can be redefined as a GIS.13  
A transformation is a mathematical function, often called a mapping, from one set of musical 
objects to another.14 In musical applications, quite often the set that we’re mapping to and from is the 
same. As an example, let the space S be GPC. Consider the set of transpositions defined on this space: 
{t0, t1, t2, t3, t4, t5, t6}.15 These transpositions are examples of transformations: they map each element of 
GPC to another element of GPC. For instance, the transformation t2 sends the letter C to the letter E 
(Figure 1.7). We would say that this transformation “acts on” the space GPC, which contains the seven 
letter names. Formally, this transformation can be notated as a function with GPC serving as both the 
domain and range:  
tn: GPC ➝ GPC, where tn(x)=x+n (mod 7). 
The set of transposition operators on this space is a cyclic group of order 7 (𝒞7); since 7 is prime, any 
element other than 0 can serve as the generator of the cyclic group. 
                                               
13 For details as to how to construct a GIS from a transformation group and vice versa, see Lewin [1987] 2007, 157–58.  
 
14 Lewin ([1987] 2007, 3) specifically requires a “transformation” to map to and from the same space S. I use the term 
transformation in a broader sense, as a synonym for a mathematical function.  
 
15 Lower case t’s indicate diatonic and generic transpositions.  
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Figure 1.7. Generic transposition operator t2 as a function GPC ➝ GPC. 
 
  
It is possible to define more than one transformation group on a single space. We can expand 
the group of transformations acting on GPC to also include inversions. There are seven inversion 
operators defined on this space: {i0, i1, i2, i3, i4, i5, i6}. Formally, these inversion operators are defined as 
follows:  
in: GPC ➝ GPC, where in(x)=n−x (mod 7).16 
The set of transposition and inversion operators on this space is a dihedral group of order 14 (𝒟7). 
In order for a list of transformations to be called a “transformation group,” it must satisfy the 
mathematical definition of a group. In a transformation group, the binary operation must provide some 
way to combine two functions, something that can’t be done with common operations like addition or 
subtraction. In this case, the relevant binary operation is function composition, where one function is 
applied after another, illustrated in Figure 1.8. The notation used to indicate function composition 
varies, as discussed below in §1.2.5. 
                                               
16 Defining inversions on generic pitch-class space in this way is analogous to the transformation group of transpositions and 
inversions in a standard, mod-12 pitch-class space. 
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In general, composition of functions is not commutative, meaning that the order in which the 
transformations are applied matters. There are some transformation groups that are commutative. 
Formally, the group G is commutative if, for all f and g in G, fg=gf. 
 
Figure 1.8. Composition of functions. 
 
In order to convert a transformation group into a GIS, the transformation group must be 
simply transitive. Simple transitivity is a mathematical property of group actions. A group is simply 
transitive if, for all x and y in S, there is exactly one transformation in G that maps x to y.  
The transformation group of transpositions acting on GPC is simply transitive, since for any two 
letter names x and y, there is exactly one transposition operator that maps x to y. The expanded group of 
transpositions and inversions is not simply transitive: for any two letter names, there is both a 
transposition and an inversion that maps one to the other; for example, given the letter names C and E, 
there are two transpositions in the group that map C to E: t2 and i2 (Figure 1.9). 
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Figure 1.9. Diagram of a transformation group that is not simply transitive. 
 
 
 
1.2.5. FUNCTION NOTATION 
The notation used for mathematical functions can be confusing due to a large amount of variation, 
especially in music-theoretic contexts. Mathematicians often notate functions using right-to-left 
orthography, so for instance the notation (fg)(x) = f(g(x)) = y, implies that the function g is applied to x 
first, and then the function f is applied to g(x) to result in y (Figure 1.8). In transformational theory, 
music theorists often use left-to-right orthography. For example, the notation (x)(gf) = y is equivalent to 
the statement above, where g is applied before f. Another notational variant, x 
gf	→ y, indicates that g is 
applied before f. When a function is applied multiple times, an exponent notation is often used; for 
example, x 
g2	→ y indicates that the function g is applied twice to map x to y. In transformations networks, 
I adopt left-to-right orthography (see, for instance, Figure 1.11).  
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1.2.6. TRIADIC TRANSFORMATIONAL THEORY 
In our examples thus far, the objects in S have been pitches or pitch-classes, but the objects contained in the set S 
can represent any type of music-theoretic object: scales, twelve-tone rows, trichords, etc. The subfield known as 
“triadic transformational theory” studies transformations that act on the set of 24 major and minor triads 
(TRIAD). Definitions and examples of several common triadic transformations appear in Table 1.1. We can 
understand these transformations to be mappings f from the set of major and minor triads to itself, f: TRIAD ➝ 
TRIAD (Figure 1.10).  
 
 
Table 1.1. Some common triadic transformations. 
TONAL- FUNCTIONAL RIEMANNIAN 
M 
Mediant 
<–, 9, 8>  
P 
Parallel 
<–, 0, 0>  
D 
Dominant 
<+, 5, 5>  
L 
Leittonwechsel 
<–, 4, 8>  
S 
Subdominant 
<+, 7, 7>  
R 
Relative 
<–, 9, 3>  
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Figure 1.10. Some tonal-functional transformations as mappings on TRIAD. 
 
The first category of triadic transformations, originally proposed by Lewin, are what I refer to as the 
“tonal-functional” transformations. These transformations are named after functional diatonic relationships, 
specifically: M (mediant), D (dominant), and S (subdominant). 17 Based on its name, each of these 
transformations takes an input triad and transforms it into its local tonic. For example, M(C major) = A minor, 
because C major is the mediant of A minor. The D transformation is defined so that it preserves the mode of the 
input triad, so D(C minor) = F minor. Although it seems as if these transformations imply a sense of 
diatonicism, they make no reference to the underlying diatonic collection.18  
 
                                               
17 These transformations first appeared in Lewin 1982 and Lewin 1984. The definitions of these functions were revised and 
later appeared in Lewin [1987] 2007, 175–80. I use D, M, and S to represent Lewin’s DOM, MED, and SUBD 
transformations. 
 
18 Cohn acknowledges this: “…although triads and diatonic collections are among the objects that they produce, the 
transformations proposed in the 1982 article are definitionally and conceptually independent of the system of diatonic 
tonality normally signified by those structures” (1998, 171). Although the definitions of these functions were altered slightly 
before appearing in GMIT, the functions still are defined without reference to a diatonic collection.  
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A second family of triadic transformations are the “Riemannian” transformations, which include the 
three famous PLR transformations and their twenty-one combinations. Each of P, L, and R reverses the triad’s 
mode and preserves two of its pitch-classes; these common tones are indicated with ties in Table 1.1. The P 
(Parallel) transformation preserves the triad’s perfect fifth, turning a major triad into its parallel minor or vice 
versa. The L (Leittonwechsel) transformation preserves the triad’s minor third, moving the root of a major triad 
down by a semitone or the fifth of a minor triad up by a semitone. The R (Relative) transformation preserves the 
triad’s major third, transforming a triad into its corresponding relative major or minor version.  
Richard Cohn (1997) has noted that the parsimonious voice-leading properties are a distinctive feature 
of the Riemannian transformations. Each of P, L, and R involves motion by only a single step, a semitone for L 
and P and a whole tone for R. Cohn argues that the consonant triad is “over-determined,” that it is the most 
privileged harmony in Western music due not only to its acoustical properties, but also its voice-leading 
potential. This property is a direct result of the structure of the triad as a set class in mod-12 space: the fact that 
major and minor triads can be transformed into other triads is a property of the abstract structure of set class 
(037). Due to these unique structural and voice-leading properties, the PLR transformations are central to this 
project. 
The interactions and distinctions between the “tonal-functional” transformations and the 
“Riemannian” transformations can be examined by studying the algebraic group structure of triadic 
transformations. Hook (2002) studies such relationships by defining “uniform triadic transformations” (UTTs) 
and presenting the algebraic structure of all 288 UTTs. All of the transformations in this set satisfy a property of 
“uniformity,” meaning that each one acts the same way on all major triads and the same way on all minor triads.19 
Each UTT is identified based on a sign (+ or –) and two transposition levels (integers mod 12). The sign 
indicates whether the transformation preserves or reverses the mode of the input triad, while the transpositions 
indicate the intervals that the root of the triad is transposed when applied to either a major or minor triad.  
                                               
19 For a precise definition of uniformity, see Hook 2002, 63. 
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As an example, the UTT <−, 4, 8> reverses the mode of the input triad (regardless of whether the input 
is major or minor), and transposes the root of the triad up either a major third (4 semitones), if the input triad is 
major, or a minor sixth (8 semitones), if the input triad is minor. When applied to a C-major triad, the result is 
an E-minor triad. When applied to a C-minor triad, the result is an A♭-major triad. This particular UTT is 
equivalent to the L transformation.  
All of the triadic transformations in Table 1.1 satisfy the property of uniformity, so they can all be 
represented as UTTs, as shown in the first column of the table. The group structure of the 288 UTTs conveys 
information about how the different types of transformations interact. The entire group is not simply transitive, 
so, for instance, there is more than one UTT that transforms a C-minor triad into an A♭-major one.20 Of the 
categories of triadic transformations listed in Table 1.1, the “tonal-functional” and the “Riemannian” 
transformations each belong to a different simply transitive subgroup of UTTs.21 The transformations in each of 
the 24 simply transitive subgroups can be used to produce different analyses of a single harmonic progression. 
Figure 1.11 shows an analysis of the progressions in Figure 0.1 using transformations in the “tonal-functional” 
and “Riemannian” subgroups. The analytical significance of these subgroups with respect to diatonic harmony 
will be explored more in Chapter 3.  
 
                                               
20 There are exactly twelve that map C minor to A♭ major, all with form: <−, x, 8>, where x can be any integer mod 12. 
 
21 Here my use of the term “Riemannian” is in reference to Hook’s (2002, 74) definition, which uses it to classify UTTs that 
satisfy the dualistic property that their transposition levels for major and minor triads are “equal and opposite.” In other 
words, they have the form < ±, n, –n>. 
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Figure 1.11. Transformational analyses of (a) Figure 0.1a and (b) Figure 0.1b. 
(a)       (b) 
 
Although the PLR transformations are contained within this group of UTTs, the labeling of the UTTs 
suggests a way of understanding the triadic transformations that emphasizes the intervallic motion of the roots 
and classifies them accordingly. This conception contrasts with the voice-leading approach emphasized elsewhere 
in the neo-Riemannian literature. 
 
1.2.7. BASICS OF GRAPH THEORY 
In mathematics, a graph is a discrete structure consisting of two components, vertices and edges. Vertices 
represent abstract objects, while edges imply some kind of relationship between connected objects. Formally, 
graphs can be represented as an ordered pair (V, E), where V is the set of vertices and E is a list of ordered pairs 
indicating which points are connected by edges. For example, Figure 1.12 shows a graph along with its formal 
notation. 
 Graphs are studied in graph theory, an area of discrete mathematics. Since graphs are discrete objects, 
the spatial layout of vertices and edges is not significant to the underlying structure of the space. Graphs can be 
either directed or undirected depending on whether the edges indicate a direction, visually depicted using arrows. 
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Figure 1.12. (a) An undirected graph and (b) its dual, both with ordered pair notation. 
(a)      (b) 
 
For any planar graph, the dual graph is a related graph that contains a vertex for every face in the original, and a 
face for every vertex in the original (Figure 1.12b).  
In music theory, graphs have become commonplace in the form of transformation networks and voice-
leading lattices.22 Transformation networks, such as those in Figure 1.11, are examples of directed graphs. 
Although the spatial layout of the network is arbitrary to its structure, it can suggest various analytical 
implications.23 
 
                                               
22 Throughout this dissertation, the use of the term lattice refers to a discrete graph constructed from the lattice points 
(points with coordinates that are all integer valued) of the continuous voice-leading spaces.  
 
23 Lewin ([1993] 2007, 45–53) differentiates between ways of organizing transformation networks: figural networks are 
organized chronologically, while formal networks have an abstract spatial structure.  
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1.2.8.  TRANSFORMATIONS AND TONAL MUSIC 
Apart from the literature on neo-Riemannian theory, the most substantive work applying transformational 
theory to tonal music is that of Steven Rings. Rings (2011b) aims to disentangle transformational theory from its 
association with non-tonal or non-functional passages. He accomplishes this by constructing a transformational 
system to model tonal hearing by capturing scale-degree qualia. Although centered around tonal music, Rings’s 
work does not address voice-leading or functional harmonic relationships. In fact, on the first page of his book, 
Rings declares that the work that follows will have little to do with voice leading.24 
 
 
 
                                               
24 Although Rings 2011b does not discuss tonal harmony, the dissertation on which the book is based (Rings 2006) does 
include some discussion of transformation groups concerning tonal harmony. For example, see §3.1. 
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1.3. GEOMETRIC THEORY 
 
Geometric theory continues a long tradition of using spatial representations to depict voice-leading relationships. 
This subfield developed from two research avenues: graph-theoretic studies of the neo-Riemannian 
transformations and atonal voice-leading spaces.  
 
1.3.1. GRAPH-THEORETIC EXTENSIONS OF NEO-RIEMANNIAN VOICE-LEADING RELATIONSHIPS 
Visual representations of the PLR transformations originate from the tonnetz (Figure 1.13), a table of harmonic 
relationships first proposed by Leonhard Euler in the eighteenth century. This structure was adapted by many 
nineteenth-century German theorists, including Hugo Riemann.25 As a mathematical graph, the twelve vertices 
of the conformed tonnetz represent the twelve pitch-classes, and the edges connect pitch-classes related by major 
thirds, minor thirds, and perfect fifths.26 In the resulting structure, each triangle represents a complete major or 
minor triad. Triads related by the three PLR transformations are visualized as two triangles that share an edge. 
That edge represents the two pitch-classes that are held as common tones under the transformation.27 The light 
edges around Figure 1.13 illustrate how the graph wraps around in both the vertical and horizontal directions, 
allowing it to be embedded on the surface of a torus.  
The tonnetz can be used to analyze harmonic progressions by mapping paths through the space. Figure 
1.14 illustrates the path of the two progressions in Figure 0.1 through the tonnetz. 
 
                                               
25 The idea of relating the PLR transformations to the tonnetz first appears in Hyer 1995. Connection between these 
transformations and the tonnetz were further studied in Cohn 1997.  
 
26 Figure 1.13 illustrates a conformed tonnetz since it assumes enharmonic equivalence. An unconformed tonnetz contains 
perfectly tuned major and minor thirds and, as a result, does not assume enharmonic equivalence. Neo-Riemannian theory 
requires the assumption of enharmonic equivalence, so any mention of the tonnetz here will refer to the conformed tonnetz. 
For a discussion conformed and unconformed tonnetzes, see Harrison 2002.  
 
27 Distances on the tonnetz are famously problematic as a metric for voice leading. See Tymoczko 2009b. 
 
 31 
Figure 1.13. The conformed tonnetz.
 32 
Figure 1.14. Analysis of Figure 0.1 in the tonnetz. 
(a) 
 
(b) 
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The tonnetz was further adapted by Douthett and Steinbach (1998), who constructed several other discrete 
graphs illustrating parsimonious relationships between different kinds of sets. Their adaptation of the tonnetz 
notably involves its dual graph, nicknamed the “Chicken-Wire Torus” (Figure 1.15), where vertices represent 
triads and edges connect triads linked by single-step voice leading.28 
 
Figure 1.15. Chicken-wire torus (after Douthett and Steinbach 1998, fig. 7a). 
 
The versions of the tonnetz shown in Figure 1.13 and 1.15 are both discrete graphs, but based on their 
structure, each can be embedded in a toroidal surface.29 A number of other studies adapt and generalize the 
                                               
28 A rudimentary form of this figure appears in Hyer 1995, fig. 3.  
 
29 I use the term tonnetz to describe to the original tonnetz (Figure 1.13) and its dual (Figure 1.15). A mathematical 
definition of a torus and a discussion of embeddings of discrete graphs in topological spaces is given in §1.3.6. 
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tonnetz: Cohn 1997 fixes a definition of “parsimonious” and studies tonnetz-like structures that exist in 
universes other than the one of 12 chromatic pitch-classes, and Gollin 1998 proposes an analogue depicting 
relationships among (0258) tetrachords.   
Figure 1.16 shows another graph, colloquially referred to as “Cube Dance,” developed by Douthett and 
Steinbach (1998); this graph is related to the one in Figure 1.15 but also includes the augmented triads. Each 
edge in this graph represents a voice-leading motion of exactly one semitone. (This contrasts with Figure 1.15, 
where the blue edges representing R correspond to motion by two semitones.) The four cubes in this graph 
contain the pitch-classes belonging to each of the four hexatonic collections; motion around each cube 
corresponds to a chain of PL transformations.30 The Cube Dance graph is notable in that it serves as a 
connection between the triadic transformations depicted on the tonnetz and the geometric OPTIC spaces, 
discussed below in §1.3.5. As with the tonnetz, paths through the space can be used to represent analyses of 
harmonic progressions. Figure 1.17 shows an analysis of the progressions in Figure 0.1 in the Cube Dance graph. 
 
                                               
30 Such “binary chains” of the PLR transformations in relation to the tonnetz are discussed in Cohn 1997. The generic 
voice-leading structures of such chains are examined in Chapter 4. 
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Figure 1.16. Cube Dance (after Douthett and Steinbach 1998, fig. 9). 
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Figure 1.17. Analysis of Figure 0.1 in the Cube Dance graph. 
(a) 
 
 
(b) 
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1.3.2. ATONAL VOICE LEADING 
Separately from the study of parsimonious relationships between triads, Straus (2003) proposed the study of 
voice leading and counterpoint in atonal music by studying relationships between set classes. Straus (2005) 
constructs graphs illustrating such relationships between prime forms of any fixed cardinality.31 In these discrete 
graphs, the vertices represent set classes and the edges connect sets that are related by single-step motion.  
Figure 1.18 shows Straus’s space for three-note set classes. The twelve labeled vertices correspond to the 
twelve possible prime forms of trichords. Edges connect prime forms that are related by single-step motion. 
There are a discrete number of prime forms, so this figure is a discrete undirected graph containing twelve 
distinct vertices. The loops, which do not appear in Straus’s original space, indicate when a member of a set class 
can be transformed into another member of the same set class through single step motion; for instance, since the 
P and L transformations involve motion between two members of set-class (037), their voice-leading motions are 
captured by the loop on that set class.   
 
                                               
31 Although the majority of spaces in Straus 2005 depict relationships between chords of a fixed cardinality, a few of the 
spaces relate sets with different cardinalities. For instance, his figure 6 shows voice-leading relationships between two- and 
three-note set classes. 
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Figure 1.18. Discrete, 3-voice mod-12 OPTI(C)-space (after Straus 2005, fig. 4). 
 
 
Clifton Callender (2004) expanded the notion of set-class spaces from discrete graphs to continuous 
regions. These spaces are able to depict the continuous motion of a chord between two discrete set classes. One of 
the spaces he constructs is the three-voice space in Figure 1.19, a continuous version of Straus’s discrete graph 
shown above (Figure 1.18). Rather than consisting of discrete vertices connected by edges, this space contains an 
infinite number of points that each represent some type of three-note chord. For example, there exists a point in 
the upper right of the figure with the coordinates [0, 3.5, 7.5]12 that represents a kind of “generalized” prime 
form of a triad containing a major third and a third with three-and-a-half semitones, halfway between major and 
minor. Unlike Straus’s figure, Callender’s also depicts multisets (sets with doubled pitches), located along the 
bottom edge of the figure.  
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Figure 1.19. Continuous, 3-voice mod-12 OPTI-space (after Callender 2004, fig. 10). 
 
 
 
1.3.3. GENERALIZED VOICE-LEADING SPACES 
Several of the spaces above—Douthett and Steinbach’s Cube Dance as well as Straus’s and Callender’s trichord 
spaces—can be understood as portions of “generalized voice-leading spaces,” as proposed by Callender, Quinn, 
Tymoczko (2008). Figure 1.20 illustrates the complete voice-leading space that contains the Cube Dance graph 
(Figure 1.16); this is one of the main voice-leading spaces discussed in Dmitri Tymoczko’s A Geometry of Music: 
Harmony and Counterpoint in the Extended Common Practice (2011).  
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Figure 1.20. Continuous 3-voice mod-12 OP-space (after Tymoczko 2011, fig. 3.8.2). 
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Each point in this space represents a slightly less abstract object than the points representing prime 
forms in Figures 1.18 and 1.19. The space in Figure 1.20 no longer assumes inversional or transpositional 
equivalence, so each point is an unordered set of pitch-classes. Although it looks like a triangular prism, the top 
and bottom of this figure actually represent the same plane; the space twists a third of a turn and connects into a 
loop.32 Like Figure 1.19, this space is continuous: one could imagine a point halfway between DF♯A and DF♯A♯ 
containing the pitch-classes D, F♯, and a pitch class halfway between A and A♯—such a point would have 
coordinates [2, 6, 9.5]12.  The location of each chord within the space is based on its compactness: the core of the 
prism contains the most equally spaced three-note chords (augmented triads), while the chain of cubes 
surrounding the center of the space contains the next most evenly spaced chords (major and minor triads). The 
outermost edges of the prism contain the sets with three repeated pitches.  
All of these spaces depict some kind of chords with three notes, so we imagine their construction 
beginning from a three-dimensional, xyz-coordinate system, with each axis representing the pitch space of a 
different voice (Figure 1.21). In this Euclidean coordinate system, the x, y, and z axes each represent a copy of 
continuous pitch space, CPITCH (Figure 1.1). For example, the point (0, 4, 7) in the three-dimensional space 
represents a musical chord of three voices, where Voice 1 sings C4 (pitch number 0), Voice 2 sings E4 (pitch 
number 4), and Voice 3 sings G4 (pitch number 7).  
 
                                               
32 The precise topological description of this twisted prism is 𝕋3/𝒮3. See §1.3.6. 
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Figure 1.21. xyz-coordinate system with voices labeled. 
 
This coordinate system is transformed into a voice-leading space by “gluing together” points that are 
considered to be equivalent. For example, without any equivalence relations applied, the points (0, 7, 4) and 
(4, 0, 7) are completely different points in the geometric space. Musically, however, these chords represent nearly 
the same sound; the difference in the order of coordinates indicates that different voices sing each of the three 
pitches.33 Musical intuition tells us that there is a sense that these points should be “the same”; mathematically, 
this notion of equality is realized by applying equivalence relations, defined below in §1.3.4. In this case, the 
“permutational” equivalence relation could be applied to convey the sense in which (0, 4, 7), (0, 7, 4), (4, 0, 7), 
and the other three orderings of those pitches are equivalent. 
Permutation equivalence is one of the five “OPTIC” relations, an acronym representing the main types 
of equivalence assumed in geometric music theory: octave, permutational, transpositional, inversional, and 
cardinality. Octave, transpositional, and inversional equivalence are familiar from pitch-class set theory. As 
mentioned above, permutational equivalence refers to equivalence regardless of the precise ordering of pitches. 
                                               
33 The only difference in sound would be a result of vocal timbre or balance as a result of the specific performance. These 
three chords would be aurally indistinguishable if generated by a MIDI device.  
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Cardinality equivalence assumes equivalence regardless of doubled pitches. Formal definitions of these 
equivalence relations appear in Table 1.2. 
 
1.3.4.  MATHEMATICAL EQUIVALENCE RELATIONS 
Equivalence relations are a type of binary relation. Binary relations, often indicated with a “~” symbol, make a 
broad statement about the relationship of two elements. Equivalence relations, in particular, convey a sense of 
equality between two elements.  
All equivalence relations must satisfy three mathematical properties: they must be reflexive, symmetric, 
and transitive. If the binary relation ~ is defined on a set S containing a, b, and c, then the relation is an 
equivalence relation if it satisfies the following: 
• Reflexive Property: a~a 
• Symmetric Property: if a~b, then b~a 
• Transitive Property: if a~b and b~c, then a~c. 
 
When an equivalence relation is applied to a set of objects, the objects are divided into a partition of disjoint 
subsets, called equivalence classes. In a partition, each object must belong to exactly one subset (Figure 1.22). In 
other words, when an equivalence relation is applied to a set, all of the elements of the set are divided up into 
different categories (equivalence classes), where the objects in each category are considered “equivalent” with 
respect to some property.  
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Table 1.2. The OPTIC equivalence relations. 
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Figure 1.22. Diagram of a partition. 
 
As a concrete example, consider applying octave equivalence (“O” equivalence) to discrete pitch 
space, PITCH. First, we’ll check that the binary relation of octave equivalence is actually an equivalence 
relation: octave equivalence is reflexive (e.g. C4 ~ C4); it is symmetric (e.g. if C4 ~ C5, then C5 ~ C4), and 
it is transitive (e.g., C3 ~ C4 and C4 ~ C5, then C3 ~ C5).34  
As described earlier, generic pitch space, GPITCH, contains an infinite number of pitches 
differentiated by register: {…, B3, C4, D4, E4, F4, G4, A4, B4, C5, D5, …}. Applying octave equivalence as an 
equivalence relation divides it into seven different equivalence classes, each of which corresponds to one 
of the seven letter names: C)  = {…, C3, C4, C5,…}, D)= {…, D3, D4, D5,…}, E*={…, E3, E4, E5,…}, 
 F*={…, F3, F4, F5,…}, G)={…, G3, G4, G5,…}, A)={…, A3, A4, A5,…}, B)={…, B3, B4, B5,…}. Dividing all of the 
registrally differentiated pitches into these seven categories forms a partition because every letter from 
the original space is contained in exactly one of the seven categories. 
In addition to the OPTIC equivalence relations of geometric theory, it possible to define 
generic equivalence and enharmonic equivalence as equivalence relations.35  
                                               
34 These are specific examples and not intended to serve as mathematical proofs, although they could easily be generalized 
into formal proofs.  
 
35 Hook 2015 describes the interaction of generic and enharmonic equivalence as mathematical equivalence relations.  
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1.3.5. CONSTRUCTING THE OPTIC SPACES 
As mentioned above, each of the geometric voice-leading spaces of n voices begins as a Euclidean space of n 
dimensions; the coordinate system depicted in Figure 1.21 illustrates a three-dimensional Euclidean space. Points 
in Euclidean spaces, such as the point (0, 4, 7), are called n-tuples; these represent ordered lists of numbers. In 
musical contexts, these points are interpreted as chords, called “pitch tuples.”  
When equivalence relations are applied to a geometric space, the space is folded in such a way that 
equivalent points are identified with one another. As a simple example, applying octave equivalence to chromatic 
pitch space (CPITCH) coils the space so that all octave-related pitches are represented by a single point; this forms 
a standard pitch-class circle (Figure 1.2). Each point on the pitch-class circle represents an entire equivalence class 
in the example above. The structure of the spaces become more complex when they represent more voices (and 
thus involve more dimensions) and/or when more equivalence relations are applied. 
 
1.3.6. DISTINCTIONS BETWEEN GEOMETRY AND TOPOLOGY 
As mathematical objects, the OPTIC spaces are famous for their interesting structures, or topologies. Topology is 
a branch of mathematics that studies the global properties of spaces. The topological properties of a space do not 
change if the space is stretched or squished; the topology only changes if the space is torn or punctured. 
 As a basic example, we can conceive of the continuous pitch-class circle (Figure 1.2) as a 1-voice, O-
space, a voice-leading space with only octave equivalence. The topology of this space is a circle, notated as a one-
dimensional torus (𝕋1). 
If the pitch-class circle were squished into an oval, its topology would remain the same, but the geometry 
would change. The mathematical branch of geometry involves local distances and measurements in a space. 
Squishing the circle into an oval changes the geometric properties of the space, such as its area and circumference. 
An oval could still be used as a pitch-class circle, however, because its topological properties are preserved when 
squished. Although we often draw circles embedded in two-dimensional spaces (like on sheets of paper), the 
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spaces themselves are considered to be one-dimensional manifolds, since we can only move in one dimension 
within the space. The term manifold refers to the fact that the space is locally identical to a Euclidean space; in 
the one-dimensional case, it is locally identically to a line (ℝ). 
Two-dimensional manifolds are spaces that locally look like two-dimensional Euclidean space, such as 
the xy-plane (ℝ2). Like the circle, such spaces can globally look quite different from a Euclidean space; in other 
words, they may have more complex topologies. For example, a two-dimensional torus (𝕋2) is a topological 
construction formed by gluing together the top and bottom and left and right edges of a rectangle, forming a 
doughnut shape. 
Manifolds, such as those described above, are a specific type of objects called orbifolds. Unlike manifolds, 
orbifolds do not need to be locally indistinguishable to Euclidean space, they may contain singularities, or points 
that have a different local topology, such as those on boundaries. A famous example of a two-dimensional 
orbifold is the Möbius strip. The topology of this space is notated as a 2-torus modulo the symmetric group 
(𝕋2/𝒮2). The space is often conceived of as a rectangle with two of its opposite edges twisted and connected. The 
remaining boundaries of the space contain points that are singularities, since their local properties are different 
from those in Euclidean spaces.  
 The voice-leading space in Figure 1.20 could be imagined as a three-dimensional analogue to a Möbius 
strip. Its topology is described as a “3-torus modulo the symmetric group” (𝕋3/𝒮3). This space twists a third of a 
turn and connects into a loop; the vertical walls in the figure are singularities, which act as boundaries similar to 
the edges of a Möbius strip. 
As mentioned above, discrete graphs do not have geometric or topological properties, however, we can 
describe them as being embedded in n-dimensional spaces. For instance, although it does not make sense to label 
the number of dimensions in the Cube Dance graph (Figure 1.16), that graph can be embedded in a three-
dimensional space, such as at the center of the three-dimensional orbifold in Figure 1.20. Likewise, while the 
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tonnetz (Figure 1.13) and its dual (Figure 1.15) do not on their own have a toroidal topology, they are discrete 
graphs that can be embedded in spaces with the topology of a two-dimensional torus. 
 
1.3.7. BACK TO GENERALIZED VOICE-LEADING SPACES 
The type of musical object represented by each point in the OPTIC spaces depends upon the particular types of 
equivalence that have been applied. There are 32 possible combinations of these equivalence relations; some 
combinations produce more familiar musical objects than others. The OPTIC voice-leading spaces are often 
identified based on the equivalence relations that have been applied to the space. For instance, Figure 1.20 can be 
labeled as a three-voice OP-space—a space with both octave and permutational equivalence. The points in this 
space represent OP equivalence classes, or unordered sets of pitch-classes. The fact that the Cube Dance graph 
(Figure 1.16) is embedded in the center of this OP space illustrates the close connection between that discrete 
graph and the topological voice-leading space.  
Applying transpositional equivalence to this space makes it smaller since it “glues” together points 
related by transposition. This produces an OPT-space, whose points represent T-classes, or chord types. Further 
application of inversional equivalence creates an OPTI-space, like that shown in Figure 1.18, whose elements are 
multiset classes. Figure 1.19 can be understood as a continuous version of such an OPTI-space.36 Points in 
OPTIC spaces are identified by “generalized normal forms,” which provide a consistent labeling system regardless 
of the combination of OPTIC relations applied to the space.37  
The details on the top and bottom cross-sections of Figure 1.20 illustrate the relationship of this OP-
space to the discrete and continuous OPTI-spaces (Figures 1.18 and 1.19). It is possible to fit six copies of the 
continuous OPTI-space on each cross-section of the OP-space, as indicated by the dotted lines on the bottom of 
                                               
36 The difference between discrete and continuous spaces will be discussed in more detail in Chapter 2. 
 
37 Hook 2017 presents a detailed algorithm to calculate the generalized normal forms for a pitch tuple with any combination 
of OPTIC equivalence relations. Although the algorithm is written for mod-12 pitch-tuples, it can be easily adapted for 
mod-7 generic pitch-tuples. 
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the figure. One can imagine constructing the continuous OP-space by arranging these copies of the OPTI-space 
onto the larger triangular cross-section, and then extruding the cross-section vertically (along lines of 
transposition) to create the prism shape. 
The integer-valued points shown in the discrete and continuous versions of the OPTI-space do not all 
exist at integer-valued transpositions within a single cross-section of the OP-space. Rather, they correspond to 
integer-valued points distributed vertically throughout the entire OP-space. One could reverse the method of 
construction described above (i.e., construct the OPTI-space from the OP-space) by projecting all of the integer-
valued points downwards onto the bottom cross-section.   
 As with the tonnetz, the geometric voice-leading spaces can be used analytically by mapping paths 
through the spaces that correspond to harmonic progressions. Since all of the sonorities in Figure 0.1 are major or 
minor triads, mapping the progressions in the OPTI-spaces is not useful—all sonorities in the progressions 
correspond to the single point [0,3,7]OPTI12  .
38 Mapping the two progressions in the OP-space, however, does 
illustrate the voice-leading relationships in the two progressions (Figure 1.23).  
 
 
 
                                               
38 Throughout this dissertation, brackets are used to indicate points in OPTIC spaces. A subscript clarifies whether the set 
exists in mod-7 or mod-12 space and, unless clear from the context, a superscript is used to indicate which OPTIC relations 
have been applied. Parentheses with commas are used to indicate points in a Cartesian space (PITCHn or GPITCHn) with no 
equivalences relations applied. Occasionally, parentheses without commas are used to indicate prime forms (e.g, (037)12 or 
(024)7). 
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Figure 1.23. Analysis of Figure 0.1 in OP-space. 
 
(a) 
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1.4. DIATONIC SET THEORY 
 
A 1979 article by John Clough proposes the extension of Allen Forte’s (1973) pitch-class set theory to a diatonic, 
or generic, context. In mod-7 set theory there are only 18 possible prime forms as compared to the 224 prime 
forms that exist in the mod-12 world. Table 1.3 shows these 18 TI-classes, as well as the T-classes [0, 2, 3]OPT7   and 
[0, 2, 3, 4] OPT7  .  
In generic (mod-7) set theory, familiar musical objects are often ascribed with new structural properties.  
For example, in mod-12 space all major and minor triads have non-inversionally symmetric prime form  
[0, 3, 7]OPTIC12  . The properties of this set class as an entity in mod-12 space determine many of its familiar voice-
leading relationships, as discussed above. In mod-7 space, all triads—even those that are augmented and 
diminished—have prime form [0, 2, 4]OPTIC7  . Thus, in generic space the triad is inversionally symmetric and, 
consequently, it exhibits voice-leading properties different from those that we conventionally attribute to it. Such 
differences in the properties of a single sonority in mod-12 versus mod-7 space are reflected in the overall 
structure of the corresponding generic voice-leading spaces, as we will see in Chapter 2. 
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Table 1.3. Diatonic set classes (after Clough 1979, table 1). 
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CHAPTER 2:  
GENERIC (MOD-7) VOICE-LEADING SPACES 
 
 
 
2.1. INTRODUCTION: GENERIC SET CLASSES 
When we analyze harmony in tonal music, we almost always assume some types of equivalence. Rarely are these 
assumptions made explicit—often they are inherent in our analytical method. A basic harmonic analysis, for 
instance, can be used to describe a vast array of progressions that vary greatly in other pitch-related parameters: 
chord spacing, register, melody, doubling, etc. Despite the fact that the chords in Figure 2.1 are not exactly the 
same as those in Figure 0.1a, the progressions in both figures can be described using the same roman numerals, 
suggesting that we consider all of the progressions to be in some way “the same.” The OPTIC equivalence 
relations of geometric theory formalize the most common types of equivalence applied in music theory, and 
voice-leading spaces provide a way to compare the resulting equivalence classes of chords.  
Nonetheless, using the OPTIC relations to describe assumptions about tonal music is complicated. We 
often take octave equivalence and cardinality equivalence for granted. We don’t only assume chords to be 
“equivalent” when they differ based on doubling, though; we also often consider incomplete triads to be 
“equivalent” to the complete sonorities that they are subsets of—that’s a kind of equivalence that’s tricky to 
capture with a mathematical definition.  Perhaps the most complex of the OPTIC equivalences with respect to 
tonal music is permutational equivalence. Order is important to nearly any tonal analysis, but our concern about 
ordering is also intertwined with register: we usually care about the order of pitches in the lowest and highest 
voices (the bass and soprano) more than those in the middle. And if we’ve assumed octave equivalence, then 
distinguishing between “lowest” and “highest” is no longer possible.  
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Figure 2.1. Three harmonic progressions “equivalent” to Figure 0.1a. 
(a) 
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Analysis of post-tonal music is often more consistent in its assumed level of abstraction, at least with 
respect to the OPTIC equivalences.1 The analytical units conventionally taught in post-tonal analysis courses—
normal forms, prime forms (TI-classes), and T-classes—are in fact equivalence classes of pitch tuples under the 
OPTIC relations. For example, given any pitch tuple, its normal form is the equivalence class under octave, 
permutational, and cardinality equivalence, or its OPC-class; its T-class is the normal form with the addition of 
transpositional equivalence, or its OPTC-class; and its prime form, or TI-class, adds inversional equivalence, 
making it an OPTIC-class.  
 Returning to the realm of tonal music, the abstract vocabulary that pervades our conversations about 
tonal music also comes laden with assumptions of equivalence, much in the same way as our post-tonal 
vocabulary. Labels such as “C-major triad,” “triad,” “seventh chord,” and “major-minor seventh chord” describe 
harmonic sonorities with varying levels of abstraction.  But unlike those analytical objects used in post-tonal 
music, these tonal descriptors fall into two different systems of organization: the chromatic and the generic.2  
In the list above, “C-major triad” and “major-minor seventh chord” rely on the chromatic structure of 
the sonority, that is, one that divides into twelve steps per octave, regardless of whether or not octave equivalence 
is assumed. In particular, the fact that each of these descriptions involves chord quality implies that it exists in the 
mod-12 world. A “major triad” can be described as an unordered set of pitch-classes that satisfy the relationship 
(x, x+4, x+7); in other words, a major third and a perfect fifth above a root, x.3 As an “unordered set of pitch-
classes,” “major triad” implies octave equivalence, permutational equivalence, transpositional equivalence, and 
cardinality equivalence; thus, the chord quality of “major triad” is formally an OPTC equivalence class. The 
specification of a “C-major triad” requires the same relationship, but also provides the further stipulation that x, 
                                               
1 This statement is not intended to describe a quality of post-tonal music, but rather, to make an observation about our 
methodologies for analyzing it.  
 
2 Clough and Myerson (1985) call these two types of designations the “specific” and “generic.”  
 
3 For an example of a publication that defines major triads in this way, see Crans et al. 2009, 482. Although sonorities that 
satisfy this definition will sound as a major triad, this definition does not guarantee that the sonority is notated as a triad. 
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an element of PC or CPC, be equal to 0. Fixing the triad’s root (x) amounts to removing transpositional 
equivalence; thus, the category “C-major triad” is an example of an OPC equivalence class in a mod-12 universe. 
This concept can be generalized: a chord with specified quality (e.g., “major triad,” “major-minor seventh chord”) 
represents an OPTC class, while any chord with a specified quality and root (e.g., “C major triad,” B♭-major-
minor seventh chord”) represents an OPC class. 
Other familiar terms used to describe tonal music classify objects based on scale-specific relationships, 
what we call the diatonic, or “generic.” On their own, chord types such as “triad” or “seventh chord” do not 
convey anything about the structure of those sonorities in terms of chromatic steps; instead, they measure 
sonorities in generic scale steps. Again, the definitions come with implicit notions of equivalence: a “triad” is an 
unordered set of pitch-classes that satisfy the relationship (x, x+2, x+4), where x is an element of GPC; a “seventh 
chord” is the same type of object, that satisfies the relationship (x, x+2, x+4, x+6), again where x is an element of 
GPC. These terms formally refer to sets with octave, permutational, transpositional, and cardinality equivalence, 
so they represent OPTC equivalence classes. In contrast to a mod-12 term like “major triad,” however, these 
equivalence classes now exist within a mod-7 universe. As before, identifying a root for each chord genus removes 
transpositional equivalence, thus corresponding to an OPC-class. A “D triad” still satisfies the definition of a 
triad (x, x+2, x+4), but with the additional requirement that x=1 in GPC. 
Clough’s (1979) notion of mod-7 set classes (reviewed in §1.4) laid the formal groundwork necessary to 
make this differentiation between the chromatic and generic. Hook (forthcoming) further developed these ideas 
by formalizing the mathematical properties of generic pitch space (GPITCH). This chapter extends diatonic set 
theory beyond T- and TI-classes, proposing generic (mod-7) set classes, generic sets that can involve any 
combination of the OPTIC equivalence relations. We examine voice-leading relationships between such sets by 
building generic versions of the geometric voice-leading spaces (Callender, Quinn, Tymoczko 2008). After 
reviewing the differences in the mathematical properties of the mod-12 versus mod-7 voice-leading spaces (§2.2), 
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we proceed to construct these spaces in two different ways: first, as graphs connecting set classes related by single-
step voice leading (§2.3); and second, as discrete subsets of continuous geometric spaces (§2.4).  
There are 32 possible combinations of the OPTIC relations, but some produce more familiar musical 
objects than others. In this chapter, we present only a selection of all possible generic voice-leading spaces. After 
describing all possible 1-voice spaces, we use the set-class construction to construct the OPTI- and OPT- spaces, 
as well as to introduce an incomplete version of the OP-space (§2.3).4 The continuous geometric method is used 
to construct the complete OP-space and also to construct a family of spaces with T-equivalence: the OPT-, OT-, 
T- and PT-spaces (§2.4). Throughout the chapter, emphasis is placed on 2- and 3-voice spaces, however, the 
construction of spaces depicting more than three voices is briefly discussed in §2.3.4 and §2.4.3. 
Finally, a note about cardinality equivalence: C-equivalence is notoriously the most problematic of the 
OPTIC relations, since constructing continuous spaces with cardinality equivalence requires connections 
between spaces with different numbers of dimensions. Throughout both methods of construction below, all 
voice-leading spaces are constructed from sets and multisets of a fixed cardinality. As a result, all of the OPTI-
spaces have the same structure as the OPTIC-spaces. I acknowledge this correspondence with the label 
“OPTI(C)-space.” If interpreted with C-equivalence, a multiset of cardinality 3 such as [0, 0, 2]OPTI12   would be 
replaced with the set of cardinality 2, [0, 2]OPTIC12  .  
 
                                               
4 Much of the material in §2.2 and §2.3 appears in Frederick 2019. 
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2.2. DISCRETE VERSUS CONTINUOUS PITCH SPACES 
 
The way that we understand voice-leading relationships depends on the way that we conceive of relationships 
between pitches. The three abstract pitch spaces introduced in §1.1—pitch space (PITCH), continuous pitch 
space (CPITCH), and generic pitch space (GPITCH)—capture some possible ways of defining relationships 
between pitches. In addition to having different interval groups (as described previously), these three spaces also 
differ on whether they are continuous or discrete.  
Of the three, continuous pitch space (CPITCH) is the only one that is continuous. This space is also the 
closest to an acoustical model; it is able to represent pitches of any frequency and organizes those frequencies 
from lowest to highest on a linear scale that assumes enharmonic equivalence. It is also the only space capable of 
representing voice leadings that involve pitches in between those that lie on the discrete keys of a piano, such as 
those containing glissandos and microtonal pitches.5  As a result, CPITCH provides the most detailed depiction of 
parsimonious voice-leading, where each voice slides through all possible frequencies when passing from one 
sonority to the next. This ability of this space to depict this kind of motion is directly related to the space’s 
property of continuity.  
In contrast, discrete pitch space (PITCH) and generic pitch space (GPITCH) are both discrete spaces. The 
space PITCH can only be used to represent pitches that have common names (e.g., C3, D♯4, A♭7), those that 
correspond to a key on a piano with an infinite range. Like CPITCH, this space assumes enharmonic equivalence: 
any space constructed from CPITCH or PITCH cannot differentiate between enharmonically equivalent 
sonorities.  
                                               
5 Callender (2004) motivates the study of continuous spaces with a composition by Saariaho that gradually slides from one 
sonority to another throughout the course of the entire piece. He also suggests the potential of continuous spaces to be used 
to represent non-pitch-related parameters, such as rhythm or tempo.  
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Generic pitch space (GPITCH) is unique in its ability to differentiate pitches based on their spelling. A 
simplified version of the space can be represented by the white keys on a piano; however, since each element in 
GPITCH represents a register-differentiated letter name with any number of accidentals attached, a more accurate 
visual analogy of the space is as a musical staff lacking a key signature and accidentals.6 Since this space is able to 
distinguish between enharmonically equivalent sonorities, it is ideal for describing structures in tonal music.   
Whether these three foundational pitch spaces are continuous or discrete affects the mathematical 
structure of the voice-leading spaces constructed from them. The OPTIC spaces are traditionally built from a 
continuous pitch space similar to CPITCH, so they are continuous spaces, but it is also possible to construct these 
spaces from PITCH or GPITCH.7 The set-class voice-leading spaces presented in Straus 2005 can be understood as 
discrete OPTIC spaces constructed from PITCH, and the discrete voice-leading spaces constructed from GPITCH 
are presented below in §2.3 and §2.4. Unlike continuous topological spaces containing infinitely many points, 
these discrete voice-leading spaces are mathematical graphs, sets of discrete vertices connected by edges (formally 
defined in §1.2.7).  
 
                                               
6 Clough (1979–80, 465–67) introduces this analogy and more broadly discusses why it might be insightful to study music 
with some information (i.e., clef or key signature) suppressed.   
 
7 As mentioned previously, the method of construction described in this dissertation differs slightly from Tymoczko’s. See 
Chapter 1n4. For a more detailed discussion on the differences between Tymoczko’s diatonic spaces and the ones presented 
here, see §2.4.1. 
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2.3. CONSTRUCTION OF GENERIC (MOD-7) VOICE-LEADING SPACES VIA SET CLASSES: OPTI(C)-, 
OPT-, AND OP-SPACES 
 
In our first method of construction, we build discrete graphs from lists of set classes, allowing the graph’s vertices 
to represent set classes and the graph’s edges to connect set classes related by single-step voice-leadings. 
Proceeding by this method requires us to begin from a list of set classes; Table 2.1 provides a list of generalized 
mod-7 set classes that includes all OPTI-, OPT-, and OP-classes containing two through five notes.  
 
2.3.1. SET-CLASS CONSTRUCTION: GENERIC ONE-VOICE SPACES 
Some of the spaces shown in §1.1 can be understood as rudimentary examples of generic voice-leading spaces 
illustrating the motion of a single voice. The space GPITCH, originally shown in Figure 1.3 and redrawn in Figure 
2.2, can be used to depict a single voice’s path through generic pitch space. The motion of the simple melodic line 
in Figure 2.3 through GPITCH is shown in Figure 2.4. 
Only two of the OPTIC equivalence relations, O-equivalence and I-equivalence, can be applied to this 
space to create a new non-trivial voice-leading space.8 Applying O-equivalence turns GPITCH into GPC, which can 
be understood as a discrete 1-voice-mod-7 O-space (Figure 2.5). Figure 2.6 shows the path of the melody (Figure 
2.3) through this space. This path looks essentially the same as that in Figure 2.4, except wrapped around the 
generic pitch-class circle.  
 
 
                                               
8 Applying P- or C-equivalence would leave the structure of the space unchanged. Applying T-equivalence would collapse 
the space into a single point.  
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Table 2.1. List of all OPTI-, OPT-, and OP-classes 
(a) sets of cardinalities 2 and 5 and (b) sets of cardinalities 3 and 4.9 
 
(a) 
 Two-note Sets Five-note Sets 
OP
TI
 [0, 1]
OPTI
7  
[0, 2]OPTI7  
[0, 3]OPTI7  
[0, 1, 2, 3, 4]OPTI7  
[0, 1, 2, 3, 5]OPTI7  
[0, 1, 2, 4, 5]OPTI7  
OP
T 
[0, 1]OPT7  
[0, 2]OPT7  
[0, 3]OPT7  
[0, 1, 2, 3, 4]OPT7  
[0, 1, 2, 3, 5]OPT7  
[0, 1, 2, 4, 5]OPT7  
OP
 
[CD]OP7 , [DE]
OP
7 , [EF]
OP
7 , [FG]
OP
7 , 
[GA]OP7 , [AB]
OP
7 , [BC]
OP
7  
[CE]OP7 , [DF]
OP
7 , [EG]
OP
7 , [FA]
OP
7 , 
[GB]OP7 , [AC]
OP
7 , [BD]
OP
7  
[CF]OP7 , [DG]
OP
7 , [EA]
OP
7 , [FB]
OP
7 , 
[GC]OP7 , [AD]
OP
7 , [BE]
OP
7  
[EFGAB]OP7 , [FGABC]
OP
7 , [GABCD]
OP
7 , [ABCDE]
OP
7 , 
[BCDEF]OP7 , [CDEFG]
OP
7 , [DEFGA]
OP
7  
[FGABD]OP7 , [GABCE]
OP
7 , [ABCDF]
OP
7 , [BCDEG]
OP
7 , 
[CDEFA]OP7 , [DEFGB]
OP
7 , [EFGAC]
OP
7  
[GABDE]OP7 , [ABCEF]
OP
7 , [BCDFG]
OP
7 , [CDEGA]
OP
7 , 
[DEFAB]OP7 , [EFGBC]
OP
7 , [FGACD]
OP
7  
 
                                               
9 This table is organized with complementary sets located across from one another. The rows containing OPT-classes are 
organized to show their relationship to OPTI-classes; for example, [0, 1, 3]OPT7 and [0, 2, 3]
OPT
7  (located in the second row of 
the 3-voice OPT cell) are each contained in [0,1,3]OPTI7  (which is located in the second row of the 3-note OPTI cell). 
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(b) 
 Three-note Sets Four-note Sets 
OP
TI
 
[0, 1, 2]OPTI7  
[0, 1, 3]OPTI7  
[0, 1, 4]OPTI7  
[0, 2, 4]OPTI7  
[0, 1, 2, 3]OPTI7  
[0, 1, 2, 4]OPTI7  
[0, 1, 3, 4]OPTI7  
[0, 1, 3, 5]OPTI7  
OP
T 
[0, 1, 2]OPT7  
[0, 1, 3]OPT7 , [0, 2, 3]
OPT
7  
[0, 1, 4]OPT7  
[0, 2, 4]OPT7  
[0, 1, 2, 3]OPT7  
[0, 1, 2, 4]OPT7 , [0, 2, 3, 4]
OPT
7  
[0, 1, 3, 4]OPT7  
[0, 1, 3, 5]OPT7  
OP
 
[CDE]OP7 , [DEF]
OP
7 , [EFG]
OP
7 , [FGA]
OP
7 , 
[GAB]OP7 , [ABC]
OP
7 , [BCD]
OP
7  
[CDF]OP7 , [DEG]
OP
7 , [EFA]
OP
7 , [FGB]
OP
7 , 
[GAC]OP7 , [ABD]
OP
7 , [BCE]
OP
7  
[CEF]OP7 , [DFG]
OP
7 , [EGA]
OP
7 , [FAB]
OP
7 , 
[GBC]OP7 , [ACD]
OP
7 , [BDE]
OP
7  
[CDG]OP7 , [DEA]
OP
7 , [EFB]
OP
7 , [FGC]
OP
7 , 
[GAD]OP7 , [ABE]
OP
7 , [BCF]
OP
7  
[CEG]OP7 , [DFA]
OP
7 , [EGB]
OP
7 , [FAC]
OP
7 , 
[GBD]OP7 , [ACE]
OP
7 , [BDF]
OP
7  
[FGAB]OP7 , [GABC]
OP
7 , [ABCD]
OP
7 , [BCDE]
OP
7 ,  
[CDEF]OP7 , [DEFG]
OP
7 , [EFGA]
OP
7  
[GABE]OP7 , [ABCF]
OP
7 , [BCDE]
OP
7 , [CDEG]
OP
7 ,  
[DEFB]OP7 , [EFGC]
OP
7 , [FGAD]
OP
7  
[GABD]OP7 , [ABCE]
OP
7 , [BCDF]
OP
7 , [CDEG]
OP
7 ,  
[DEFA]OP7 , [EFGB]
OP
7 , [FGAC]
OP
7  
[EFAB]OP7 , [FGBC]
OP
7 , [GACD]
OP
7 , [ABDE]
OP
7 ,  
[BCEF]OP7 , [CDFG]
OP
7 , [DEGA]
OP
7  
[ABDF]OP7 , [BCEG]
OP
7 , [CDFA]
OP
7 , [DEGB]
OP
7 ,  
[EFAC]OP7 , [FGBD]
OP
7 , [GACE]
OP
7  
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Figure 2.2. Generic Pitch Space (GPITCH) as a discrete 1-voice mod-7 voice-leading space. 
 
 
 
 
 
 
 
 
 
Figure 2.3. Melody. 
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Figure 2.4. The path of Figure 2.3 in GPITCH. 
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Figure 2.5. Discrete 1-voice mod-7 O-space (GPC). 
 
Figure 2.6. The path of Figure 2.3 in the 1-voice mod-7 O-space. 
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The application of inversional equivalence to GPITCH produces the I-space shown in Figure 2.7. In this 
space, the number-line-like organization of GPITCH is folded in half at the point representing C4.10All other 
points in the space represent equivalence classes containing two generic pitches related by inversion around C4. 
For instance, moving to the right from [0]I7  (C4), we pass through the points [1]
I
7  and [2]
I
7 , which represent the 
sets {B3, D4} and {A3, E4}, respectively.  
Figure 2.8 illustrates the path of the melody in Figure 2.3 through the mod-7 I-space. Notice that 
move #1 (A3 to E4) and move #5 (D4 to B3) are represented by loops that connect a vertex in the space to itself. 
These loops convey the fact that each of the corresponding leaps traverses an interval that is symmetrical about 
C4. For instance, move #5 involves motion from a pitch located one generic step above C4 (D4) to a pitch one 
generic step below C4 (B3). 
 
Figure 2.7. Discrete 1-voice mod-7 I-space. 
 
 
 
Figure 2.8. The path of Figure 2.3 in the 1-voice mod-7 I-space. 
 
 
                                               
10 In the continuous version of this space, the point C4 becomes a singularity, a point that does not have the topology as the 
other points in the space. Continuous versions of generic (mod-7) spaces are discussed below in §2.4. 
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It is possible to apply both the O- and I-equivalence relations to create a 1-voice OI-space (Figure 2.9), a 
space that can also be visualized a mod-7 pitch-class circle folded in half. There are only four points in the OI-
space. One of them, [0]OI7  , represents the generic pitch-class C, and the other three each represent two generic 
pitch-classes: [1]OI7   represents {B, D}; [2]
OI
7   represents {E, A}; and [3]
OI
7   represents {F, G}.  
 
Figure 2.9. Discrete 1-voice mod-7 OI-space. 
 
 
By substituting PITCH for GPITCH in this construction, it would be possible to construct analogous 
spaces in the chromatic universe. These mod-12 spaces would contain more vertices, but would otherwise be 
quite similar in structure to these mod-7 versions.  
 
2.3.2. SET-CLASS CONSTRUCTION: GENERIC TWO-VOICE SPACES 
Fixing the cardinality of the space to two notes, we can construct 2-voice OPTI(C)-space (Figure 2.10).11 The 
four vertices in this space represent all possible generic interval classes, from a doubled pitch class (ic0) to a 
generic fourth (ic3). With the exception of the multiset [0, 0]OPTI7  , each vertex corresponds to one of the three 
two-note OPT-/OPTI-classes shown in Table 2.1. The vertex representing [0, 3]OPTI7   has a loop attached to it, 
illustrating the possibility of turning a generic fourth into a generic fifth (still a representative of [0, 3]OPTI7  ) 
through single-step motion. 
 
                                               
11 Since the points in the 1-voice OI-space (Figure 2.9) are in a one-to-one relationship with the four generic interval classes, 
it has the same structure as the 2-voice OPTI(C)-space (Figure 2.10). 
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Figure 2.10. Discrete 2-voice mod-7 OPTI(C)-/OPT-space. 
 
 
Figure 2.11. Discrete 2-voice mod-12 OPTI(C)-/OPT-space (after Straus 2005, fig. 3). 
 
 
Figure 2.11 shows the equivalent discrete mod-12 space.  The most striking difference between the two 
versions is the number of two-note set classes: there are seven two-note set classes in the mod-12 space, and only 
four in the mod-7 space. Another difference is the lack of loop in the mod-12 figure; is not possible to transform 
a representative of [0, 6]OPTI12   into another representative of [0, 6]
OPTI
12   through single-semitone motion. 
Since all two-note sets are inversionally symmetric, the mod-7 OPT-space would appear the same as the 
OPTI(C)-space in Figure 2.10. Although the vertices in the OPT-space would be labeled the same as those in the 
OPTI(C)-space, points in the OPT-space would technically represent a different kind of objects—OPT-classes 
rather than OPTI-classes. 
Removing both inversional and transposition equivalence produces the OP-space shown in Figure 2.12. 
We can understand this space to contain seven different copies of the OPTI-space, one for each letter name. 
Beginning with any doubled multiset, we can track a single copy of the OPTI-space (for example, the highlighted 
path CC–BC–AC–GC) within the OP-space, as if unfolding the smaller space into the larger one. 
The elements of this space are pitch-class multisets, which can be identified uniquely by letter names. 
Since this space is a discrete graph of vertices and edges, the graphical organization of these components is not 
significant to the underlying structure of the space. In the layout of this particular figure, however, the multisets 
are organized by interval class: generic fourths and fifths (ic3) appear in the innermost ring, generic thirds and 
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sixths (ic2) and generic seconds and sevenths (ic1) appear in each of the two internal rings, and the ring around 
the perimeter of the figure contains the generic unison or octave related pitches (ic0).  
 
Figure 2.12. Discrete 2-voice mod-7 OP-space. 
 
Attempting to construct the analogous discrete mod-12 space in this manner is problematic. When the 
set classes are organized radially, as attempted in Figure 2.13, all of the tritones—OP-classes representing 
OPTI(C)-class [0, 6]OPTI(C)12  —overlap in the center of the space. The discrete mod-12 space is more easily 
constructed in a continuous version, as discussed in §2.4.1.  
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Although the radial layout doesn’t work well for the mod-12 space, the visual organization of the mod-7 
version (Figure 2.12) makes the space particularly useful to examine contrapuntal relationships between two 
voices. Contrary motion is represented by radial paths, while parallel motion is represented by paths moving in a 
circular direction around the space (Figure 2.14).  
 
Figure 2.13. Discrete 2-voice mod-12 OP-space. 
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Figure 2.14. Contrary and parallel motion 
(a) in musical notation and (b) as a path in the 2-voice mod-7 OP-space. 
 
 
(a) 
 
(b) 
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Figure 2.16 depicts the path of the counterpoint shown in Figure 2.15 in the OP-space. The labels below 
the counterpoint in Figure 2.15 indicate the “generalized normal forms” (see §1.3.7) of the points in several 
different mod-12 and mod-7 spaces. The most specific descriptions are given by the pitch tuples in GPITCH2 and 
PITCH2; these give the location of each chord in a two-dimensional Cartesian space. These pitch tuples are points 
in an xy-plane or xyz-coordinate system where each axis represents a different voice. The pitch C4 is arbitrarily 
assigned as 0, so the origin (0,0) represents a chord with all three voices on a unison C4. These pitch tuples do not 
have any type of equivalence applied, so they identify pitches in a precise register and they differentiate the voice 
part of each pitch.12 The two voices begin on octave C’s, represented by the topmost vertex of the OP-space 
(CC). As the upper voice descends by step, the path moves towards the center of the OP-space (moves #1–3). In 
the counterpoint, the similar motion across the bar line from m. 2 to m. 3 is represented by a path that moves 
both clockwise and radially outward (move #4). A similarly directed path corresponds to the leap of the upper 
voice to the octave D’s in m. 3 (move #5). Next, the chain of suspensions (moves #7–9) appears as a zigzag as the 
two voices alternate motion by descending step. The cadential gesture, involving contrary motion from sixth to 
octave, is represented by a radial path outward (move #10). This final move returns the path to its starting 
location.  
                                               
12 The pitch tuples are listed in order of voice part: (lower, higher). This notation can capture voice crossings; for instance, 
the point (7,0)7 in GPITCH2 would describe the opening sonority with the two parts exchanged.  
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Figure 2.15. Two-voice counterpoint. 
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Figure 2.16. The path of Figure 2.15 in the 2-voice mod-7 OP-space. 
  
2.3.3. SET-CLASS CONSTRUCTION: GENERIC THREE-VOICE SPACES 
The same procedure can be used to construct voice-leading spaces containing three-note chords. The discrete 3-
voice mod-7 OPTI(C)-space is shown in Figure 2.17. Four of the vertices in this figure correspond to the four, 
three-note OPTI-classes listed in Table 2.1b, and the remaining four (along the bottom edge) correspond to the 
multisets, or three-note sets with doubled pitches. The corresponding discrete mod-12 space is shown in Figure 
2.18 (reprinted from Figure 1.18). As with the two-voice space, the most noticeable difference is the number of 
set classes: not including multisets, there are twelve unique mod-12 set classes of cardinality 3.  
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Figure 2.17. Discrete 3-voice mod-7 OPTI(C)-space. 
 
 
 
 
Figure 2.18. Discrete 3-voice mod-12 OPTI(C)-space (after Straus 2005, fig. 4). 
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Since all major and minor triads have prime form [0, 2, 4]OPTI(C)7   or [0, 3, 7]
OPTI(C)
12  , mapping a tonal 
progression in this OPTI(C)-space highlights deviations from triadic sonorities, often involving non-chord tones 
or non-triadic subsets of seventh chords. Figure 2.19a shows a simple diatonic progression with labels 
corresponding to three-note sonorities formed by the upper voices. Normal forms in the other three rows 
correspond to points in the indicated mod-7 or mod-12 OPTIC spaces. 
 
Figure 2.19. A simple harmonic progression; (a) a diatonic version and (b) with modal mixture.  
(Labels refer to the chords formed by the upper three voices only.) 
 
(a) 
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(b) 
 
 
Figures 2.20 and 2.21a show the path of Figure 2.19a in the 3-voice mod-7 OPTI(C)-space. The path 
begins on a complete triadic sonority, [0, 2, 4]OPTI(C)7   or [0, 3, 7]
OPTI(C)
12  . Since the third of the ii
6
5  chord is in the 
bass, the upper voices form a non-triadic sonority, [0, 1, 3]OPTI(C)7   or [0, 2, 5]
OPTI(C)
12  . The path in the mod-7 
OPTI(C)-space shows that this sonority is only a single diatonic step away from the triadic set [0, 2, 4]OPTI(C)7   
(move #1). In this space, the OPTI(C)-class of the V chord with a 4–3 suspension is also a single diatonic step 
away from that of both the ii65  and the triadic V (moves #2 and 3). At the deceptive cadence, the upper voices 
form an incomplete triadic sonority, [0, 0, 2]OPTI(C)7   or [0, 0, 4]
OPTI(C)
12  . Although the cadence involves motion by 
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four total diatonic steps, under the assumption of transpositional equivalence it takes only two mod-7 steps to 
transform a [0, 2, 4]OPTI(C)7   sonority into a [0, 0, 2]
OPTI(C)
7   one (move #4).
13 The overall shape of the path looks 
similar in the mod-7 and mod-12 spaces, although motion in the mod-12 space (Figure 2.21a) is differentiated by 
number of semitones: the diatonic steps in moves #1 and #2 involve two semitones, whereas move #3 involves 
motion by a single semitone. 
Considering the addition of a modally mixed predominant illustrates the use of the term “generic” 
rather than “diatonic,” and further highlights distinctions between the mod-7 and mod-12 spaces. Although the 
progression in Figure 2.19b is no longer strictly diatonic, the addition of the A♭ does not change the note’s 
generic pitch number; the labels for this sonority are unchanged in mod-7 space. In mod-12 space, however, the 
point becomes (2, 8, 12)12 in PITCH3, with corresponding OPTI normal form [0, 2, 6]OPTI(C)12   and OPT normal 
form [0, 4, 6]OPT12  . The path through mod-7 space remains the same, but the path through mod-12 space is altered 
by the accidental (Figure 2.21b). The mod-7 space recognizes the chromaticized progression as an alteration of 
the original diatonic version.  
Figure 2.20. The path of the upper three voices of Figure 2.19b 
in the 3-voice mod-7 OPTI(C)-space. 
                                               
13 This four-step distance is calculated by adding the total distance moved in each voice. There are other ways to measure 
distances in OPTIC spaces, however, different metrics often give similar results. See Tymoczko 2009a, Tymoczko 2009b, 
and Hook forthcoming. 
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Figure 2.21. The path of the upper three voices of (a) Figure 2.19a and 
 (b) Figure 2.19b in the 3-voice mod-12 OPTI(C)-space. 
 
(a) 
  
  
(b) 
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Unlike the two-voice case, not all three-voice OPTI-classes are inversionally symmetric. Removing 
inversional equivalence “unfolds” the figure along a line of symmetry. This forms the discrete 3-voice mod-7 
OPT-space seen in Figure 2.22. Notice that the loops in Figure 2.17 occur exactly where the edges intersect the 
line of symmetry in Figure 2.22. An equivalent mod-12 space appears in Figure 2.23.14 Figures 2.24 and 2.25 
depict the path of the progression in Figure 2.19a through this space. Both paths occupy the upper right portion 
of each OPT-space, illustrating that the progression uses OPT-classes [0, 2, 3]OPT7   and [0, 3, 5]
OPT
12  , which are 
related by inversion to OPTI-classes [0, 1, 3]OPT7   and [0, 2, 5]
OPT
12  . These graphs also contain single vertices that 
appear in multiple places in the graph: [0, 1, 4]OPT7  , [0, 2, 7]
OPT
12   and [0, 0, 6]
OPT
12   appear twice in each figure since, 
with octave equivalence, each is inversionally symmetric.15 Again, other differences between the paths through 
the mod-7 and mod-12 versions correspond to the difference between measuring voice-leading distances in 
generic versus chromatic steps.   
 
                                               
14 A continuous version of this space appears in Callender, Quinn, and Tymoczko 2008, fig. 2A. The topology of the 
continuous space can be described as a cone (𝕋2/𝒮3). Readers may notice that this figure also appears similar to the bottom 
left section of fig. 3.8.6 in Tymoczko 2011. Despite this resemblance, the elements depicted in that space are different from 
those depicted in Figure 2.23. Figure 2.23 is a mod-12 OPT-space, whereas Tymoczko’s fig. 3.8.6 is a cross section of an OP-
space where each OP-class has been individually transposed to begin on 0. This application of transposition is different from 
the uniform transposition applied in the space of Figure 2.23. 
 
15 This phenomenon occurs in the continuous mod-12 OPT-space as well. 
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Figure 2.22. Discrete 3-voice mod-7 OPT-space. 
 
Figure 2.23. Discrete 3-voice mod-12 OPT-space. 
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Figure 2.24. The path of the upper three voices of Figure 2.19a in the 3-voice mod-7 OPT-space. 
 
Figure 2.25. The path of the upper three voices of Figure 2.19a in the 3-voice mod-12 OPT-space. 
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One would expect that it would be possible to construct the mod-7 OP-space from this OPT-space by 
removing transpositional equivalence, in a similar manner to how we constructed the two-voice OP-space (Figure 
2.12) from the two-voice OPT-space (Figure 2.10). If we try to add labels and draw all of the edges in this graph 
(Figure 2.26), however, it becomes problematic: it is unclear where each three-note chord belongs. Nonetheless, 
conceptualizing the space in this manner—by removing T-equivalence from the OPT-space—reveals notable 
properties of its organization. This figure shows that the space is constructed from seven leaf-like sections, each of 
which corresponds to one copy of the three-voice OPT-space. Notice that at the center of the figure the generic 
triads are connected by single-step moves that outline the generic circle of thirds. This can be seen as analogous to 
the chain of perfectly even augmented triads located at the center of the mod-12 OP-space (Figure 1.20).  
 
Figure 2.26. A partial depiction of discrete 3-voice mod-7 OP-space. 
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A comparison of Figure 1.20 and Figure 2.26 illustrates the difference between the two main types of 
voice-leading lattices that underlie OP-spaces, as presented in Tymoczko 2011.16 The first type of lattice occurs 
when the number of notes in the chords represented in the lattice (here, three) evenly divides the cardinality of 
the underlying scale. In this case, the lattice contains a chain of perfectly even chords, such as the augmented 
triads in Figure 1.20. The second type of lattice occurs when the number of notes in the chords is relatively prime 
to the number of notes in the underlying scale.17 In this case, the lattice contains a chain of nearly even chords, 
what Tymoczko terms the generalized circle of fifths—“a circle of transpositionally related chords, each connected 
by single-step voice leading to its neighbors” (Tymoczko 2012, 15).18 This chain is exemplified by the generic 
circle of thirds in Figure 2.26. Continuous OP-spaces of the first type contain a lattice of n-dimensional cubes 
connected by their vertices, whereas continuous OP-spaces of the second type contain a lattice of n-dimensional 
cubes connected by their faces.  
 
2.3.4. SET-CLASS CONSTRUCTION: GENERIC SPACES WITH MORE THAN THREE VOICES 
One advantage to constructing the discrete voice-leading spaces from a list of set classes is the ability to build 
spaces of chords using complementary sets. Doing so allows us to use the 2- and 3-voice lattices to construct 4- 
and 5-voice spaces.19 To construct lattices in this manner, the set class of each vertex is replaced with its 
complement to form a new lattice showing voice-leading relationships between chords of a different cardinality. 
This construction from complementary sets applies only to sets that do not contain repeated pitches; since our 
                                               
16 For more details on Tymoczko’s families of voice-leading lattices, see Tymoczko 2011, 103–112; 2012, 15. 
  
17 Two integers are relatively prime if the only integer that divides both of them is 1. Any prime number is relatively prime to 
all integers except itself. Thus, all generic (mod-7) OP-lattices fall into the second category. 
 
18 The first type of lattice is described in Douthett and Steinbach 1998. Although Tymoczko was the first to describe this 
difference in the context of voice-leading spaces, he adopts the term “generalized circle of fifths” from a related interval cycle 
discussed in Clough and Myerson 1985. See Tymoczko 2012, 15n20. 
 
19 For a corresponding discussion of this aspect of discrete mod-12 spaces, see Straus 2005, 65. 
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graphical arrangements usually place multisets near the outer edges of the lattice, the complementary relationship 
only holds for the interior portions of each lattice. Figures 2.27 and 2.28 depict the 5-voice OPTI(C)-/OPT- and 
OP- spaces, which each have the same interior structure as the 2-voice versions (Figures 2.10 and 2.12). 
This method of construction using set classes is particularly remarkable for chords of cardinality 3 and 4, 
because it suggests that in generic space the voice-leading relationships between 3-voice chords (including triads) 
are identical to those between 4-voice chords (including seventh chords). A simplified version of this relationship 
can be seen in Figure 2.29, which illustrates how the generic circle of thirds connects triads and seventh chords 
through single-step motion. This figure is arranged so that complementary sets occupy the same position around 
each circle. On the top of each circle, for instance, CEG is the complementary set to BDFA. Notice that although 
both circles show single-step relationships, the stepwise motion occurs in opposite directions: moving clockwise 
around the triad circle (a) involves ascending motion (e.g., G to A), whereas moving clockwise around the 
seventh-chord circle (b) involves descending motion (e.g., A to G).  
We can extend this complementary relationship beyond just triads and seventh chords to all 3- and 4-
note chords that do not contain doubled pitches, suggesting that the discrete 3- and 4-voice OP-spaces share the 
same structure. The implications of this relationship are discussed further with respect to the continuous 
construction in §2.4.3. 
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Figure 2.27. Discrete 5-voice mod-7 OPTI(C)-/OPT-space. 
 
 
 
 
 
Figure 2.28. Discrete 5-voice mod-7 OP-space. 
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Figure 2.29. Circle of thirds relating (a) triads and (b) seventh chords. 
(a) 
 
 
 
(b) 
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2.4. CONSTRUCTION OF GENERIC (MOD-7) VOICE-LEADING SPACES VIA GEOMETRY: OP-, OPT-, 
OT-, T- AND PT-SPACES 
 
 
Rather than beginning with the OPTI(C)-space and gradually removing equivalence relations, it is also possible 
to construct discrete mod-7 voice-leading spaces using geometric techniques. A comparison of the discrete and 
continuous versions of the 3-voice mod-12 OPTI-space reveals this relationship: connecting the integer-valued 
points in Figure 1.19 results in the discrete lattice shown in Figure 1.18. This geometric construction provides 
rationale for the symmetries observed in the discrete mod-7 graphs, and it can help us more clearly understand 
the structure of the 3-voice mod-7 OP-space. To execute this method, we temporarily build the mod-7 spaces as 
if they were continuous spaces, and then remove all of the non-integer-valued points.  
Continuous voice-leading spaces are topological spaces (see §1.3.6). Recall that distance is not a 
topological property, so the topology of these spaces is preserved regardless of whether the spaces are stretched or 
squished. The topology will change only if the spaces are torn or punctured. I claim that the specific topology of 
each OPTIC space is determined only by the number of notes in the chords and the particular OPTIC relations 
that have been applied—not by the cardinality of the underlying scale. Furthermore, this claim implies the 
corollary that Tymoczko’s two types of lattices actually derive from the same topological space, as discussed in 
§2.4.2 below.   
In the construction of the geometric OPTIC spaces, each continuous space begins as a Euclidean space 
of n dimensions (ℝn ).  Mathematically, every point in these spaces represents an ordered list of real numbers. 
Musically, these points correspond to lists of ordered pitches called pitch tuples. As we apply additional 
equivalence relations, the spaces get smaller, since each point in the quotient space now represents a collection (or 
more precisely, an entire equivalence class) of points from the original Euclidean space.   
To turn a continuous space into a discrete voice-leading lattice, we can simply remove all of the non-
integer-valued points—these represent the chords that are not playable on the discrete keys of a piano. Once 
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these points are removed, we essentially “connect the dots” between the remaining points related by single-step 
voice leadings to create the corresponding discrete voice-leading space.  
 
2.4.1. GEOMETRIC CONSTRUCTION: GENERIC TWO-VOICE OP-SPACE 
As an initial example of this geometric method of construction, we begin by comparing the two-voice continuous 
versions of both the mod-12 and mod-7 OP-spaces. The mod-12 version, described in Tymoczko 2011, has the 
topology of a Möbius strip (Figure 2.30). Although he conceives of it in a slightly different manner, Tymoczko 
also presents a diatonic version of this space (Figure 2.31) which also has a Möbius strip topology.   
 
Figure 2.30. Continuous 2-voice mod-12 OP-space (after Tymoczko 2011, fig. 3.3.1). 
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Figure 2.31. Continuous 2-voice mod-7 OP-space (after Tymoczko 2011, fig. 4.1.4b). 
 
The space in Figure 2.31 can be understood as a continuous depiction of the generic (mod-7) OP-space. 
Connecting all of the labeled vertices in Figure 2.31 produces a discrete version of the space (Figure 2.32). We 
previously constructed a discrete graph with octave and permutational equivalence using the set-class method 
(Figure 2.12). In fact, the graphs shown in Figures 2.32 and 2.12 are exactly the same. The vertices have been 
physically rearranged on the page, but the two figures contain the same number of vertices (with the same labels) 
and the same number of edges. Furthermore, each edge connects the same two points in each lattice. Thus, as 
discrete graphs, they are identical.  Since the points have been rearranged on the page, however, the paths 
representing types of contrapuntal motion are represented by different directions. In this arrangement, parallel 
motion corresponds to horizontal paths and contrary motion corresponds to vertical paths (Figure 2.33).   
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Figure 2.32. Discrete 2-voice mod-7 OP-space as embedded in the Möbius strip. 
 
Figure 2.33. Contrary and parallel motion (from Figure 2.11a) in the 2-voice mod-7 OP-space. 
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Figure 2.34a shows the counterpoint of Figure 2.15 in the continuous version of the mod-7 space. The 
path begins on the vertex labeled CC in the bottom right corner of the figure. Instead of spiraling towards the 
center of the space as in Figure 2.16, the oblique motion corresponding to the descent of the upper voice (moves 
#1–3) is represented as a diagonal path from CC to GC. The similar motion across the bar line of mm. 2–3 
appears as a diagonal move to BD, located on the false boundary on the right edge of the figure (move #4).  
The next few steps illustrate the unique properties of the space’s Möbius-strip topology. The left and 
right edges of the figure contain the copies of the same points, so once the path reaches BD on the rightmost 
edge, it reappears at the top of the figure’s left edge. When the upper voice leaps to D, the path arrives at the 
topmost edge (move #5). Points on the top and bottom edges of the space are singularities, which act as mirrors 
when the path approaches. Thus, when the lower voice ascends by step to E, the path bounces off the top edge 
and turns diagonally towards the bottom right (move #6). As in the other orientation (Figure 2.16), the chain of 
suspensions appears as a zigzag (move #7–9), and the contrary motion of the cadence corresponds to a vertical 
move to the point CC on the upper left corner of the space (move #10). Although visually it appears that the 
path ends in a different place from where it started, both points labeled CC in the figure represent the same 
point in the OP-space.  
Comparing the location of points in the two discrete versions of the space (Figures 2.12 and 2.32) 
clarifies the relationship between these two depictions of the mod-7 OP-space. Just as the concentric rings in 
Figure 2.12 represent different mod-7 interval classes, the horizontal rows in Figure 2.32 correspond to different 
interval classes. The most compact sets (ic0) are located on the top and bottom edges of the figure, while the 
most even sets (ic3) are located in the middle two rows. Discrete graphs are not topological objects, so this space 
is no longer a Möbius strip. Nonetheless, understanding its relationship to the continuous version explains the 
symmetrical organization and properties of the path’s motion through the space, particularly across the false 
boundary. While Figure 2.32 is useful in that it preserves the geometric layout of these points as constructed 
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from a Cartesian space, Figure 2.12 more clearly illustrates the conception of this space as formed from seven 
copies of the OPTI-space.20 
A different comparison, now of the continuous mod-12 and mod-7 spaces (Figures 2.30 and 2.31) 
reveals more about the difference in the structures of the chromatic versus generic voice-leading lattices. For 
example, the distribution of integer-valued points differs throughout these two spaces: the mod-12 space (Figure 
2.30) has integer-valued points on each of its corners, whereas the mod-7 space (Figure 2.31) has integer-valued 
points on only two of its corners. The reason for this difference relates to whether the number of notes in the 
chords (here, 2) divides the numbers 7 and 12. Since 2 divides 12, a perfectly even chain of tritones lies at the 
center of the mod-12 space. In contrast, since 2 and 7 are relatively prime, a chain of nearly even chords zigzags 
across the center of the mod-7 space—this chain represents Tymoczko’s “generalized circle of fifths.” This simple 
two-voice example shows that Tymoczko’s two main families of lattices actually derive from the exact same 
topological space—in this example, that space is the Möbius strip. 
Figure 2.35 depicts the path of the counterpoint from Figure 2.15 in the mod-12 space. The most 
significant difference between this path in the mod-12 and mod-7 space is the size of each diatonic step. In the 
mod-7 version (Figure 2.34), all single-step moves are represented by paths of the same length. In the mod-12 
version (Figure 2.35), moves #1 and #9 are represented by the shorter arrows since they correspond to motion by 
half step instead of whole step. The trajectory of move #4 is also visibly different based on the arrangement of 
these figures: in the mod-7 version, the path lands on a point on the edge of the space (BD), whereas in the mod-
12 version, it crosses the false boundary at a non-integer-valued point before arriving at BD. Lastly, the cadential 
gesture (move #10) is slightly angled in the mod-12 version due to the fact that the contrary motion involves 
motion by half step in the top voice and whole step in the bottom voice. 
 
                                               
20 The location of this continuous OP-space as a fundamental region in the xy-plane is shown in Figure 2.45 and discussed in 
§2.4.4 below.  
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Figure 2.34. The path of the Figure 2.15 in the 2-voice mod-7 OP-space;  
(a) in the continuous version, and (b) in the discrete version. 
 
(a) 
 
(b) 
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Figure 2.35. The path of Figure 2.15 in the 
continuous 2-voice mod-12 OP-space. 
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Although Tymoczko’s (2011) diatonic voice-leading spaces appear to have the same structure as their 
generic counterparts, the construction of his spaces differs from the method using GPITCH presented here. In 
Tymoczko’s conception, such spaces are constructed in relation to a specific scale; as a result, his spaces cannot 
distinguish between different letter-name spellings since he does not invoke any notion of generic equivalence.21 
For instance, under Tymoczko’s continuous scale-degree metric, the modally mixed sonority FA♭C would not be 
considered a triad in a C-major context because it contains scale degrees 4$, 5.5% , and 1$, which reduce to “diatonic” 
prime form [0, 1.5, 4]OPTIC7  , not triadic prime form [0, 2, 4]
OPTIC
7  .
22     
While Tymoczko’s construction might be useful in some situations, one can imagine a musical context 
in which we would want both FAC and FA♭C to be considered triads.23 This sentiment is captured by the tools 
of generic set theory: the generic pitch-class sets representing FAC and FA♭C would be indistinguishable on a 
staff lacking clef, key signature, and accidentals.  
                                               
21 At first glance, Tymoczko’s claim that scale-degree numbers can be used interchangeably with pitch-class numbers appears 
to resemble the use of generic pitch-class numbers. He writes that these labels can serve as “scale-specific notions of 
transposition, inversion, chord type, and set class” (119) and that, in the case of a diatonic scale, this results in the use of 
mod-7 arithmetic: “the mathematics is identical to that in §2.2, only using scale degree numbers rather than chromatic 
pitch-class labels” (120). This discussion seems to imply the possibility of redefining the OPTIC relations in spaces of other 
cardinalities; however, Tymoczko never formalizes that suggestion. 
As mentioned above, perhaps the most important distinction between Tymoczko’s conception of these spaces and 
the one presented here is the treatment of enharmonic equivalence and generic equivalence. Based on his description of 
linear pitch space, Tymoczko’s spaces are always constructed with the assumption of enharmonic equivalence: “In principle, 
we could eschew letter-names for the remainder of this book, conducting the discussion entirely in numerical terms” (30). 
Tymoczko does acknowledge the importance of letter names to scalar distances (“In a scalar context, letter names often 
indicate distance. …” [120n9]), but he never constructs formal machinery to distinguish between letter-name spellings. By 
building the mod-7 voice-leading spaces from generic space (GPITCH), my construction always assumes generic equivalence 
and thus can distinguish between letter names. My construction never assumes enharmonic equivalence. The relationship 
between the assumption of enharmonic equivalence and generic voice-leading structures is discussed in §4.3. 
 
22 This example follows from the specific one given in Tymoczko 2011: “Relative to C harmonic minor, {A♭, B, E♭} is not a 
triad, because A♭ and B are only one scale step apart. (Chromatically, of course, it is an A♭-minor triad and is 
transpositionally related to C minor.)” (120). Even if the chord A♭BE♭ were respelled as A♭C♭E♭ it would not be 
considered a triad in Tymoczko’s space since B (=C♭) is “7.5%” in the context of C harmonic minor. 
 
23 In fact, even pedagogical definitions of triads often invoke generic space: “The basic harmony of tonal music, consisting of 
three notes: a fifth divided into two [generic] thirds” (Straus 2012, 472); “A chord comprised of three different pitches able 
to be stacked in [generic] thirds” (Laitz 2016, G-16). 
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2.4.2. GEOMETRIC CONSTRUCTION: GENERIC THREE-VOICE OP-SPACE 
Following the same procedure, we can temporarily imagine the 3-voice mod-7 OP-space in a continuous context 
with the same twisted-prism topology as the mod-12 version (Figure 1.20). As with the two-voice Möbius strips, 
the main difference between the two continuous spaces is the location of the integer-valued points. Figures 2.36 
and 2.37 show the bottom cross-sections of the mod-12 and mod-7 prisms. In the mod-7 figure, only one of the 
triangle’s three corners corresponds to an integer-valued point. In this slice, it’s the one labeled as a multiset of 
three C’s on the topmost vertex.  
Each cross-section corresponds to a three-dimensional twisted prism: Figure 2.38 shows the mod-12 
space, while Figure 2.39 shows the mod-7 space. Since the distribution of integer-valued points in the mod-7 
version differs from that in mod-12 version, the resulting discrete graph would have a different structure—
precisely the same difference in structure that is captured by Tymoczko’s two families of lattices. Notice that the 
locations of the lattice points on the top layer the mod-7 prism appear in a rotated position on the bottom layer 
(Figure 2.39). This is due to the fact that the arrangement of points in each mod-7 cross-section (Figure 2.37) 
does not have the rotational symmetry present in the mod-12 version (Figure 2.36). Recall that, like Figure 2.38, 
Figure 2.39 twists and connects into a loop, so the integer-valued point on the top right corner of the space is the 
exact same point as the one on the back of the bottom layer. This can also be seen by comparing the shaded 
diamonds on the top and bottom of the prism (Figure 2.39), which illustrate where the chain of cubes is sliced by 
the top and bottom planes in this depiction. Notice that the same four points lie on the perimeter of each of the 
diamond-shaped regions. Likewise, the chain of cubes in Figure 2.38 twists and connects at the vertex 
representing the augmented triad CEG♯. 
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Figure 2.36. Cross-section of continuous 3-voice mod-12 OP-space  
(after Tymoczko 2011, fig. 3.8.4). 
 
 
Figure 2.37. Cross-section of continuous 3-voice mod-7 OP-space. 
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Figure 2.38. Continuous 3-voice mod-12 OP-space. 
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Figure 2.39. Continuous 3-voice mod-7 OP-space. 
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Figures 2.40 and 2.41 illustrate the motion of the upper voices of the progression in Figure 2.19a in the 
OP-spaces. Again, the paths in the mod-7 and mod-12 spaces have similar trajectories. From this vantage point, 
each path mostly occupies the space behind and slightly to the right of the chain of cubes at the center of each 
space. The dashed lines indicate the vertical position of each chord in the OP-space.  
The vertical layers of each prism correspond to the sum of the coordinates of each pitch tuple.  
Horizontal motion within a single layer indicates motion between two points whose coordinates sum to the same 
value (calculated modulo 7, for generic spaces; or modulo 12, for chromatic spaces). For instance, the first two 
chords in Figure 2.19a (CEG and ACD) lie on the same sum-class layer in both spaces: in mod-7 space, each OP 
normal form sums to 6, while in mod-12 space each sums to 11. Same-sum voice leadings involve equidistant 
motion in opposite directions by two different voices: here, in move #1, the alto moves from G up to A as the 
soprano steps from E down to D. Thus, the path illustrates horizontal motion within sum class 6 (mod 7) or 11 
(mod 12). The path of move #2 involves motion downwards, by one sum-class layer in the mod-7 space (to sum-
class 5), and by two sum-class layers in the mod-12 space (to sum-class 9). This difference—which can be visually 
observed by comparing the height of the dotted lines next to the sum-class labels in each figure—corresponds to 
the fact that motion from G to A in the alto corresponds to two semitones but only one diatonic step. Move #3 
illustrates motion from C to B in the soprano. Since this move involves motion by a single semitone, both paths 
move down by a single layer, to mod-12 sum-class layer 8 and mod-7 sum-class layer 4. The upper-voices of the 
deceptive resolution form a multiset CCE, which lies on the back, rightmost wall of the prism. This step involves 
the greatest number of single-semitone moves (4 generic steps or 6 chromatic steps), so this segment of the path is 
the longest.  From the vantage point of Figures 2.40 and 2.41, however, the appearance is visually deceiving; each 
path is severely foreshortened.    
Connecting the integer-valued points related by single-step voice leading in Figure 2.39 creates the 
complete discrete 3-voice mod-7 OP-space. One could further imagine seven copies of the OPT-space, such as in 
the layout of Figure 2.26, folded up and contained within this prism. 
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Figure 2.40. The path of the upper three voices of Figure 2.19a in the 
 continuous 3-voice mod-12 OP-space. 
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Figure 2.41. The path of the upper three voices of Figure 2.19a in the  
continuous 3-voice mod-7 OP-space.   
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2.4.3. GEOMETRIC CONSTRUCTION: GENERIC FOUR-VOICE OP-SPACE 
In theory it is possible to construct continuous 4-voice OPTIC spaces from a four-dimensional space, GPITCH4, 
but it goes without saying that it is difficult to draw these spaces on a two-dimensional sheet of paper.24 As we 
mentioned in §2.3.4, however, the 4-voice OP-space has remarkable connections to the corresponding 3-voice 
space. In this section, we’ll study the structure of the 4-voice OP-space and illustrate small portions of it to show 
how voice-leading relationships among 3- and 4-note chords are surprisingly similar.  
Because the integer 4 is relatively prime to 7, we know that this space has the same type of structure as 
the 3-voice mod-7 OP-space (Figure 2.39)—that is, the center of the space contains a chain of seven cubes linked 
by their faces, instead of a chain of cubes connected by vertices like the 3-voice, mod-12 version (Figure 2.38). In 
the 4-voice mod-7 space, this chain of four-dimensional cubes contains a path connecting third-related generic 
seventh chords (representatives of set-class [0, 1, 3, 5]OPT7  ) by single-step motion. We previously constructed this 
circle of seventh chords in Figure 2.29b by replacing each triad in 3-voice OP-space by its complementary set. 
This procedure can be extended beyond triads and seventh chords: in a mod-7 universe, any discrete 4-voice 
OPTIC space can be constructed from its complementary 3-voice graph. In other words, excluding the portions 
of the spaces illustrating multisets, the structure of a 3-voice lattice is identical to that of a 4-voice lattice—but 
how can that be true if we can alternatively construct the 3-voice spaces from a three-dimensional coordinate 
system (GPITCH3) and the 4-voice spaces from a four-dimensional coordinate system (GPITCH4)? Answering that 
question requires us to more closely examine the structure of the 4-voice OP-space.    
In the geometric construction of 4-voice space, the cubes along the central chain of the space are four-
dimensional cubes. These cubes share facets, a generalized version of a 3-cube’s square faces, with one another; in 
4-cubes, these generalized “faces” are actually entire 3-cubes. Thus, in the same way that the 3-voice space 
                                               
24 There are several depictions of four-dimensional mod-12 OPTIC spaces in the geometric theory literature. See Tymoczko 
2011, figs. 3.9.1, 3.11.3; Tymoczko 2012, figs. 29–33; and Hook forthcoming.  
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contains a chain of 3-cubes connected by their square faces, the 4-voice space contains a chain of 4-cubes 
connected by 3-cubes.25  
It is possible to draw a representation of a four-dimensional cube, shown in Figure 2.42b.26 Just as with 
the 3-cube (Figure 2.42a), traversing the 4-cube from the lowest vertex to the highest vertex results in a t1 
transposition. If we consider this cube to be part of the central chain, then the top and bottom vertices contain 
generic seventh chords; this figure illustrates the cube connecting a generic B seventh chord to a generic C 
seventh chord. The corresponding labels in the figure depict other chords located near the center of the 4-voice 
OP-space, calculated based on the geometric coordinates of each point in the cube. The highlighted path 
(BDFA➝ CDFA➝ CEFA➝ CEGA➝ CEGB➝…) shows the circle of third-related seventh chords. Despite 
the fact that 5 out of the 7 total seventh chords are contained in this single cube, the center of the OP-space 
contains a total of seven 4-cubes, linked together by shared 3-cubes. Figure 2.43 shows the cube from Figure 
2.42b along with one adjacent cube and another cube that would be located further up the chain, directly above 
the original cube. With the addition of these two cubes, we can visualize the entire chain of seventh chords. 
Notice that the lowest vertex, BDFA, reappears three-quarters of the way up the cube located directly above it 
(notated as DFAB).27 If drawn as a prism like the analogous 3-voice version (Figure 2.39), the reappearance of 
BDFA is the point at which the path would pass through the false horizontal boundary at the top of the prism 
and appear again at the bottom of the prism; the top most cube would be divided by that false boundary, just like 
the cubes sliced by the top and bottom of the prism shown in Figure 2.39.  
                                               
25 The shared square faces in the 3-voice space (seen in Figure 2.39) can be thought of as “2-cubes,” since a square is a two-
dimensional equivalent of a three-dimensional cube.  
 
26 This picture of a 4-cube is constructed by drawing two 3-cubes and connecting the corresponding vertices. This 
construction should seem somewhat intuitive: a standard cube (a “3-cube”) can be constructed by drawing two squares (“2-
cubes”) and connecting the corresponding vertices.   
 
27 In order to more clearly show the voice leadings, the labels in Figure 2.42–2.44 preserve the order of the voices instead of 
using generalized normal forms. 
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In the 3-voice space, the top layer is a transposition of the bottom layer by 2–1/3 units (7 divided by 3); 
in the 4-voice space, the top layer is a transposition of the bottom layer by 1–3/4 units (7 divided by 4). The 
prism twists and connects into a loop with a one-quarter turn.  
 
 
 
 
 
 
 
Figure 2.42. (a) 3-voice voice-leading cube and (b) 4-voice voice-leading cube. 
 
 
 
                                                                 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
(a) 
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Figure 2.43. 4-cubes surrounding the circle of thirds at the center of 4-voice OP-space 
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A closer look at the structure of the 4-cube chain reveals reasons why the discrete voice-leading lattice of 
4-voice chords has the same structure as the lattice of 3-voice chords. Figure 2.44a shows the 4-cube from Figure 
2.42b with two 3-cubes highlighted in blue and green. Notice that these two 3-cubes share a square face outlined 
by CDFA, CEFA, CEGA, and CDGA—these points define a two-dimensional plane of chords all containing 
both C and A. If we conceive of this figure as a discrete graph, the edges and vertices of these two 3-cubes 
comprise a subgraph of the entire figure. Figure 2.44b is a version of the continuous 3-voice OP-space (Figure 
2.39) highlighting the chords that are complements to those in Figure 2.44a. The cubes defined by these chords 
share a face containing EGB, GBD, BDF, and EFB—the complementary sets to those listed above in the 4-voice 
space. Both Figures 2.44a and 2.44b contain subgraphs defined by the highlighted blue and green cubes that have 
the same structure; this shows how the interior points of the continuous spaces are organized in such a way that 
the corresponding discrete voice-leading lattices of 3- and 4-voices would have the same structure.    
Notice that the path of the circle of thirds travels in the opposite directions in the 3-voice and 4-voice 
spaces. Although both of these figures are oriented so that positive tn transposition occurs in a vertically 
ascending direction, the circle of thirds travels upwards in the 3-voice space (Figure 2.44b) and downwards in the 
4-voice space (Figure 2.44a). This reversal of direction is exactly the same phenomenon that we observed in 
Figure 2.29: moving clockwise on the circle of thirds requires ascending motion among triads and descending 
motion among seventh chords.      
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Figure 2.44. Complementary 3-cubes in (a) a portion of 4-voice OP-space and (b) 3-voice OP-space. 
(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
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The 3- and 4-voice lattices only correspond for portions of the lattice that do not contain multisets. 
Although Figure 2.39 does not show the points within the space that are not located in the central cube chain, it 
is apparent from the cross-section in Figure 2.37 that each sum-class layer contains only 5 chords that are not 
multisets (i.e., they do not contain repeated pitches). In the 4-voice space, the 4-cubes making up the central 
chain fill most of the prism—notice how the lower two adjacent cubes in Figure 2.43 each contain multisets on 
their outer edges, suggesting that they each make contact with the outer walls of the prism (where multisets are 
located). Thus, since the 4-cubes in the central chain contain subgraphs equivalent to 3-cubes, the inner portion 
of the discrete OP-lattice has the same structure as the 3-voice version. 
In addition to the complementary relationship, there are other interesting subgraphs present in the 4-
voice space that provide insights about its structure. For any 3-cube subgraph of the 4-voice space that does not 
contain multisets, all of the eight vertices share a common letter name. For example, the 3-cube graph in Figure 
2.42a illustrating the t1 transposition of BDF to CEG appears as a subgraph in Figure 2.44a, but with an A added 
to all the triads to turn them into 4-note chords (see cube highlighted in green). The fact that such chords have 
the same relationships as 3-note chords should be somewhat intuitive: if we hold a common tone and allow three 
other voices to move freely, then the three-voice chords should adhere to the same relationships illustrated in the 
3-voice space. 
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2.4.4. GEOMETRIC CONSTRUCTION: GENERIC TWO-VOICE OPT-, OT- AND PT-SPACES 
In §2.3.2 and §2.3.3, we constructed the 2- and 3-voice OPT-spaces using the set-class construction (Figure 2.10 
and Figure 2.22). These OPT-spaces can also be constructed geometrically. In this section we will begin with the 
OPT-space, show how it appears as a fundamental region in a continuous geometric space, and then use it to 
construct OT- and PT-spaces. 
Figure 2.45 shows fundamental regions for the following 2-voice spaces: OP-space, OPT-/OPTI-space, 
T-space, OT-space, and PT-space. Given one or more equivalence relations applied to a space, a fundamental 
region associated with those equivalences is a region of the space where every point in the space is related by the 
equivalences to a point in the region. For example, under O-, P-, T- and I-equivalence, any point in GPITCH2 is 
associated with one of the four OPTI-classes represented by the points (0,0), (0,1), (0,2), and (0,3) in Figure 2.45. 
This region of GPITCH2, highlighted in red in the figure, serves as the fundamental region under O-, P-, T- and I-
equivalence. Note that this region resembles a continuous version of the graph shown in Figure 2.10.28 
The squares tiling the plane are each fundamental regions for OP-space; we can imagine the Möbius-
strip version of this space (shown as continuous in Figure 2.31 and discrete in Figure 2.32) oriented in the space 
at a diagonal. The fundamental region of the OPTI-/OPT-space (shown as a discrete graph in Figure 2.10) lies 
along the x-axis of the space. Notice that within this continuous two-dimensional space, the fundamental regions 
of all four of the spaces with T-equivalence lie on a one-dimensional line. In general, applying T-equivalence to a 
continuous geometric space reduces its dimension by one; this property will be useful in constructing higher-
dimensional spaces with T-equivalence.  
                                               
28 Recall that in the 2-voice case all chords are inversionally symmetric, so the OPTI- and OPT-spaces have the same 
structure.  
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Figure 2.45. Fundamental Regions for 2-voice mod-7 
OP-space, OPT-/OPTI-space, T-space, OT-space, and PT-space within GPITCH2. 
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Removing permutational equivalence creates an OT-space (Figure 2.46), which differs from OPT-space 
in that it is able to differentiate between, for example, generic thirds and generic sixths. Except for the point 
[0,0]OPT7  , each of the points in the OPT-space corresponds to two points in the OT-space. Within the continuous 
plane, the OT-space represents the complete diagonal of the OP-space square (see orange in Figure 2.45). Due to 
octave equivalence, the corners of the square, located at xy-coordinates (0,0) and (7,0), identify with one another 
as the same point, so the segment of the x-axis along the square’s diagonal wraps into the circle shown in Figure 
2.46. Since we often differentiate between intervals and their (melodic) inversions in tonal contexts, this space is 
useful in that it represents all generic interval sizes less than an octave. Figure 2.47 shows the path of the 
counterpoint from Figure 2.15 through this OT-space.29 The frequent motion between [0,6]OT7   and [0,5]
OT
7   
results from the chain of suspensions that alternate between generic sevenths and sixths. Notice that this space 
has the same structure as generic pitch-class space; it is isomorphic to discrete 1-voice mod-7 O-space. 
 
Figure 2.46. 2-voice mod-7 OT-space. 
                                               
29 If used to analyze melodic intervals, the OT-space can differentiate between different kinds of directed intervals (i.e., 
ascending thirds from descending thirds). In our analytical example here, however, we are studying harmonic intervals 
between two contrapuntal lines (Figure 2.15), so all intervals are measured in the ascending direction.  
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Figure 2.47. The path of Figure 2.15 in the 2-voice mod-7 OT-space. 
 
 
Figure 2.48. 2-voice mod-7 PT-space. 
 
 The removal of octave equivalence instead of permutational equivalence from the OPT-space creates the 
PT-space (Figure 2.48). The elements of this space are similar to those in the OT-space, except they can represent 
intervals equal to and larger than an octave. The point [0,7]PT7   represents a generic octave; [0,8]
PT
7   represents a 
generic ninth, etc. The fundamental region of this space includes the entire positive x-axis along with the point 
(0,0).30 Figure 2.49 shows the path of the counterpoint in Figure 2.15 through this space; the path looks 
                                               
30 The “generalized normal form” of these points with various equivalence relations is not usually the same as their (x, y) 
location within the continuous plane. For example, the normal forms of PT-classes in Figure 2.48 all have a first entry of “0”, 
for instance [0,7]PT7  , but in the continuous xy-plane, this point corresponds to a point on the x-axis, specifically the point 
(7,0). 
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essentially the same as that in Figure 2.47 because the counterpoint only uses four different generic sizes of 
intervals, all an octave or smaller.  
Figure 2.49. The path of Figure 2.15 in the 2-voice mod-7 PT-space. 
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It may seem misleading that this space assumes permutational equivalence, yet can still differentiate 
between intervals and their melodic inversions (i.e., thirds and sixths): since the pitches represented in this space 
are differentiated by register, permuting them does not melodically invert the interval size. For example, the pitch 
tuple {C4, A4} belongs to PT-class [0,5]PT7  . The assumption of permutational equivalence means that the point 
[5,0]PT7   (representing, for example, the pitch tuple {A4, C4}) is equivalent to [5,0]
PT
7  ; both [0,5]
PT
7   and [5,0]
PT
7  
represent generic sixths. Points representing generic thirds such as {A3, C4} or {C4, A3} are represented by a 
different equivalence class, [0, 2]PT7  . Although OT-classes and PT-classes are similar, OT-classes correspond to the 
distance between two letter names (i.e., mod-7 pitch-classes), whereas, PT-classes convey a sense of registral 
distance between two pitches (not pitch-classes).  
 
2.4.5. GEOMETRIC CONSTRUCTION: GENERIC 3-VOICE OPT- AND PT-SPACES 
The corresponding 3-voice OPTI-, OPT-, and PT-spaces can be constructed analogously to the 2-voice spaces.31 
Since the geometric construction of continuous 3-voice spaces begins from GPITCH3, most continuous three-
voice spaces exist in three dimensions. As noted above, however, the application of transpositional equivalence 
reduces the space by one dimension, so the 3-voice spaces in this section are two dimensional. Figure 2.50 shows 
the two-dimensional space GPITCH3/~T. This figure is analogous to the 2-voice version in Figure 2.45. In the 2-
voice version, all of the spaces with T-equivalence appeared as 1-dimensional spaces along the x-axis; in this 3-
voice version, all of the spaces with T-equivalence lie in a 2-dimensional plane.32 As before, the spaces depicted in 
this figure represent fundamental regions for each set of equivalence relations—the spaces themselves are not 
subsets of one another.  
 
 
                                               
31 It is also possible to construct a 3-voice OT-space. We omit it here because is not of use in subsequent chapters. 
   
32 Notice that these figures use the same colors for each type of voice-leading space.   
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Figure 2.50. Fundamental regions for 3-voice 
OPTI-, OPT-, OT-, PT-space and the base of OP-space within GPITCH3/~T. 
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The fundamental region representing OPTI-space (previously shown as a discrete graph in Figure 2.17) 
can be visualized as one-sixth of the base of the 3-dimensional OP-space prism (Figure 2.39; the base is shown in 
Figure 2.37); this relationship is analogous to the way that the 2-voice version is one-half of the diagonal of the 
OP-space Möbius strip (see red and green spaces in Figure 2.45). Figure 2.50 illustrates a corresponding 
fundamental region in GPITCH3/~T. Recall that each point of the OPTI-space corresponds to a mod-7 prime 
form.  
Removing I-equivalence to create the fundamental region for OPT-space (previously seen in Figure 
2.22) unfolds the space into a kite shape illustrating mod-7 T-classes. Notice that, when visualized as a 
fundamental region in the continuous space, the OPT-space takes up one-third of the base of the OP-space. As 
we discussed in the opening to this chapter, OPT-classes represent an abstract type of chord quality—what 
Clough and Myerson (1985) term “chord genus”—based only on diatonic pitches: representatives of [0,2,4]OPT7   
are “triads”; representatives of [0,1,2]OPT7   involve three consecutive letter names; representatives of [0,2,3]
OPT
7   
always involve a third and then a step, although any of these classes could include displacement by one or more 
octaves. 
Lastly, removing O-equivalence expands the space into the three-voice PT-space (Figure 2.51). The 
fundamental region for P- and T-equivalence consists of one-sixth of the entire plane; it continues infinitely to 
the upper right of the figure. Each point in this space represents a chord with particular spacing between pitches. 
This figure illustrates all PT-classes that span up to two octaves with no more than an octave between any pair of 
consecutive voices. Although PT-classes may seem somewhat abstract, they can be conceived of as a pattern of 
pitches on a clef-less staff, or as hand shapes on a keyboard. Figure 2.52 shows examples of several PT-classes; the 
first three represent closed-position triads, while the last three represent open-position triads. The point  
[0,4,7]PT7   represents a sonority containing an octave divided into a fifth and a fourth.  
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Figure 2.51. 3-voice mod-7 PT-space. 
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Figure 2.52. OPT-classes on clef-less staff. 
 
 
Notice that the portion of this space shown in Figure 2.51 divides into two triangular-shaped halves 
separated by a diagonal line. This line represents sonorities bounded by an octave—notice the point [0, 4, 7]PT7   
lies on this line. Chords to the lower left of the diagonal line span less than an octave, while chords to the upper 
right span wider than an octave. Although the space would continue infinitely, the top right point in this figure 
represents the point [0, 7, 14]PT7  , which spans two full octaves. 
The double-circled points in the figure represent all PT-classes that are complete triads within this 
portion of the space. Those in the lower left region span less than an octave, so they are in closed position: [0, 2, 
5]PT7   represents a first-inversion triad; and [0, 3, 5]
PT
7   represents a second-inversion triad. Those in the upper 
right region span wider than an octave: [0, 4, 9]PT7   represents a root-position triad, [0, 5, 9]
PT
7   represents a first-
inversion triad, and [0, 5, 10]PT7   represents a second-inversion triad. The larger points that outline each triangle 
in this figure represent three-note sets that form incomplete subsets of triads. The point [0, 0, 5]PT7  , for example, 
represents a sixth with the lower note doubled; that equivalence class would represent a pitch tuple such as: 
(E4, E4, C5). The darker points indicated with smaller circles in the interior of the space represent (non-triadic) 3-
note subsets of seventh chords. For instance, the point [0, 3, 8]PT7   could represent (C4, F4, D5), a seventh chord 
built on D with the fifth omitted.  
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The PT-space can be used to illustrate the spacing of the upper voices in a four-voice progression. Figure 
2.53 shows the path of the upper three voices of Figure 2.19a through this PT-space. The fact that the path lies in 
the lower left triangle of the space conveys that the chords are closely spaced together; the widest sonority spans 
an octave ([0, 2, 7]PT7  ). The path begins on [0, 2, 5]
PT
7  , which represents the first-inversion shape of the C-major 
triad that begins the progression. The next chord, [0, 4, 6]PT7  , is a 3-note subset of a seventh chord (the third of 
the chord is in the bass). The sonority involving the suspension, [0, 3, 6]PT7   , is neither triadic nor a subset of a 
seventh chord, but it is a single step (move #3) away from the second-inversion triadic sonority [0, 3, 5]PT7  . The 
final path to the deceptive cadence (move #4) involves the largest change in chord spacing and, consequently, is 
represented by the longest path in the space. The last sonority, [0, 2, 7]PT7  , is bounded by an octave, so it lies on 
the diagonal line between the two large triangles in the PT-space. 
 
Figure 2.53. The path of the upper voices of Figure 2.19a in the 3-voice mod-7 PT-space. 
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We began this chapter with three progressions harmonically “equivalent” to Figure 0.1a; the PT-space 
provides a way to differentiate between such progressions with different voicings. Figure 2.54 compares the paths 
of the upper voices in each of these progressions through the PT-space. Since all of the sonorities are triadic, the 
paths only involve the double-circled points near the center of each triangle. Figure 0.1a and Figure 2.1a each 
involve closed-position triads, but Figure 0.1a begins with a root-position shape ([0,2,4]PT7  ) and Figure 2.1a 
begins with a first-inversion shape ([0,2,5]PT7  ). The progression in Figure 2.1c begins with an open-position triad; 
as a result, the corresponding path (Figure 2.54c) is located in the upper right triangle of the PT-space.33 Notice 
that the paths in Figure 2.54a and Figure 2.54b are related to one another by rotation around the lower left 
triangle, and the path in Figure 2.54c is related to the others by reflection across the diagonal line. This 
relationship between different spacings of a single harmonic progression will be explored using transformational 
techniques in Chapter 3. 
 
                                               
33 It’s not possible to represent the upper voices of Figure 2.1b in this PT-space because of its 3-voice texture. 
 
 
 124 
Figure 2.54. The path of the upper voices of (a) Figure 0.1a,  
(b) Figure 2.1a and (c) Figure 2.1c in the 3-voice mod-7 PT-space. 
 
(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
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(c) 
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CHAPTER 3:  
GENERIC (MOD-7) VOICE-LEADING TRANSFORMATIONS 
 
 
 
 
 
3.1. INTRODUCTION: ROMAN NUMERALS, NEO-RIEMANNIAN TRANSFORMATIONS, AND 
DIATONIC HARMONY 
  
Figure 3.1. The progressions from Figure 0.1 analyzed with the PLR transformations. 
(a)        (b) 
 
Figure 3.1 recasts the analysis from Figure 0.1 using transformational theory. Although the roman numeral 
analysis of this diatonic progression made perfectly good sense, the analysis of this progression as a chain of neo-
Riemannian transformations, R –L–LR, is equally valid. Neither analysis explicitly communicates the pitches 
contained in each progression; in both cases the symbols tell us about the relationship of the harmonies to each 
other—to the tonic, in the case of the roman numerals, or to the preceding chord, in this chronological neo-
Riemannian analysis. Nonetheless, each methodology conveys vastly different information about the two 
progressions. 
Despite the ease with which we intuitively absorb their meanings, the symbols “I–vi–IV–V64 ” (Figure 
0.1a) capture very specific information about the progression: the value of each numeral tells us about the 
distance from each triad’s root to the tonic, the lack of accidentals altering the numerals (and lack of unexpected 
{&? ˙˙˙ œœœ œœœ ˙˙˙˙ œ œ ˙C a F C
R L LR
{&? ˙˙˙ œœœbb œœœbbb ˙˙˙˙ œb œb ˙
C Ab Fb C
PL PL PL
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qualities) communicates that all four chords are contained in a single diatonic collection, and the absence of 
figured bass symbols from the first three chords tells us that they are in root position. Additionally, the use of the 
V64  notation conveys something about harmonic function, specifically, that the C-major triad in second inversion 
is somehow “standing in for” a G-major chord by assuming a dominant function.  
Although most readers would not be able to comprehend the neo-Riemannian analysis (Figure 3.1a) 
with nearly the same amount of fluency, the symbols in that analysis also emphasize a different aspect of the 
progression: its smooth voice leading. Since the analysis requires only four neo-Riemannian transformations, we 
can immediately gather that these chords have the potential to be arranged parsimoniously.1 An analyst familiar 
with the behavior of each transformation would immediately be able to infer that the upper voices of the entire 
progression require motion by only 6 semitones, 2 semitones for each application of R and 1 semitone for each 
application of L. Likewise, someone familiar with the notion that these transformations are all involutions (they 
each act as their own inverse) could instantly recognize that the progression begins and ends on the same 
sonority, based on the arrangement of transformational operations. Unlike the roman numerals, there is no way 
for the neo-Riemannian symbols to communicate that the final chord is in second inversion, or the fact that it is 
acting with dominant function.  
 
                                               
1 It’s worth emphasizing, though, that nothing about these transformations requires that the voice leading actually be 
realized smoothly in pitch space. 
 128 
Figure 3.2. The paths of (a) Figure 3.1a and (b) Figure 3.1b through the tonnetz. 
(a)        (b) 
 
The palindromic pattern of transformations in Figure 3.1a contrasts with the string of transformations 
in Figure 3.1b. The latter shows that the chromatic progression is in some way sequential, since the PL pattern 
repeats three times.2 The paths of these two progressions in the tonnetz (Figure 3.2) provide a visual 
representation of many of these properties. Both are relatively compact, conveying a notion of smoothness, but 
the two are shaped differently: the path of the diatonic progression (Figure 3.2a) leaves the initial C-major chord 
and then returns to it by backtracking, while the path of the chromatic progression (Figure 3.2b) traverses a 
chain of alternating P and L transformations which—due to the enharmonic equivalence assumed by the 
conformed tonnetz—also ends on a C-major triad.3 The shape of the diatonic progression’s path could actually 
suggest the start of a few patterns: either half of a circular RLP–RLP cycle, or two steps down an RL chain and 
                                               
2 In fact, undergraduate harmony textbooks often pedagogically introduce “equal division of the octave” in the chapter on 
chromatic sequences. See Burstein and Straus 2020, 298 and Laitz 2016, 713. 
 
3 The topic of enharmonic equivalence and its relationship to generic structure is discussed in Chapter 4. 
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two steps back up. As a segment of an RLP cycle, the path illuminates the fact that there is a common tone of C 
in all of the chords.4 
Unlike the messy attempt at a roman numeral analysis of the chromatic progression (Figure 0.1b), 
nothing about the neo-Riemannian analysis of the diatonic progression (Figure 3.1a) signals that the analytical 
system isn’t well suited for analyzing this sequence of harmonies—the analysis just tells us different things about 
that progression.5 Furthermore, this example emphasizes that there is nothing inherently “chromatic” about a 
progression that can be cleanly analyzed with neo-Riemannian transformations.6 In particular, although the neo-
Riemannian analysis captures smooth voice leading, it is only capable of showing the parsimonious motion 
through mod-12 space. The neo-Riemannian analysis is not able to tell us that the progression is entirely 
diatonic, or that it also moves parsimoniously through that mod-7 space. 
This comparison of the roman numeral and transformational analyses has overlooked another 
distinction in the two methodologies: which aspect of the progression is being captured by the analysis. The 
roman numeral analysis treats the chords as objects, providing a label for each one and including details 
describing that particular chord, such as quality and inversion. In contrast, the transformational analysis shifts 
attention to the relationship between each pair of consecutive chords, labeling the actions necessary to transform 
one into the next. In this neo-Riemannian analysis, these “actions” can be directly described in terms of voice-
leading motions; other transformational analyses may describe the relationship between chords in other ways; for 
                                               
4 Cohn (1997) studies abstract properties and analytical examples of such paths through the tonnetz generated by repeating 
patterns of two, three, or four PLR transformations. 
  
5 This sentiment about roman numerals is even reflected in some tonal harmony textbooks: “Roman numerals are not 
helpful in Example 29.22 [a descending minor third cycle] because labels such as ‘#IV’ and ‘♭IV’ reveal nothing about the 
interdependence within the progression. Each part of the progression is like a spoke on a wheel, supporting the final shape 
yet nearly meaningless when examined separately” (Laitz 2016, 714) and “When you encounter these kinds of progressions, 
do not focus solely on the roman numeral analysis but look instead for a larger pattern” (Laitz 2016, 715). 
 
6 This is further evidence against the view that some music is “tonal” and other music is “transformational.” As Rings 
(2011b, 2) summarizes: “this is to misconstrue the word transformational, treating it as a predicate for a certain kind of 
music, rather than as a predicate for a certain style of analytical and theoretical thought.” See also Samarotto 2003. 
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instance, UTTs use transformations describe the relationship between triads in terms of root motion and triad 
quality. 
This chapter explores the ways in which the theoretical constructs of mod-12 triadic transformational 
thinking can be adapted to study smooth voice leading in diatonic harmony. Its central questions revolve around 
the structure of the triad in mod-7 versus mod-12 space and, consequently, how these properties facilitate 
familiar voice-leading relationships. Some of the questions addressed are: How does the structure of the triad as a 
mod-7 set-class (024)7 differ from its structure as a mod-12 set-class (037)12? Is it possible to construct a 
transformational system analogous to the PLR group that reveals voice-leading relationships in diatonic space? 
How do the differences in these conceptions of the triad relate to our intuitions as to how voice leading works in 
diatonic space? 
We begin by examining the ways in which the mathematical properties of mod-12 triadic 
transformations inhibit their ability to convey the closed nature of the diatonic system (§3.2). Next, we study the 
properties of the triad as an (024)7 set class in mod-7 space, and explore ways that this structure allows us to 
define transformations that capture smooth voice-leading relationships (§3.3). This discussion motivates the 
main theoretical apparatus of the chapter: a transformational system acting on closed-position diatonic triads, 
capable of describing the upper voices of four-voice harmonic progressions (§3.4). The final section explores two 
extensions of this system, one that incorporates open-position triads, and another that combines both 
transformational and geometric techniques to describe chord spacing in progressions containing non-triadic 
sonorities (§3.5). 
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3.2. MOD-12 TRIADIC TRANSFORMATIONS AND DIATONIC HARMONY 
 
In the introduction to this chapter, we described the neo-Riemannian analysis of the diatonic progression (Figure 
3.1a) as “valid” in that it accurately describes the correct notes in each sonority. That sentiment, however, seems 
akin to praising the genius of a performance for accurately executing a piece’s notated pitches and rhythms. This 
section begins by reviewing some previous critiques of the applicability of transformational theory to diatonic 
harmony (§3.2.1). It then interrogates the ways in which two familiar subgroups of mod-12 triadic 
transformations—the Riemannian group and the tonal-functional group—analyze conventional diatonic 
progressions (§3.2.2–3.2.4). After identifying the shortcomings of each of those transformation groups, we use 
mathematical properties of the uniform triadic transformations to show that there is no subgroup of mod-12 
transformations that will adequately analyze diatonic harmonic progressions (§3.2.5). 
 
3.2.1. SOME CRITICS OF TRANSFORMATIONAL THEORY’S APPLICATION TO DIATONIC HARMONY 
One of the earliest criticisms of neo-Riemannian theory appears in Fred Lerdahl’s 2001 book, Tonal Pitch Space. 
Although his commentary was written in response to the use of neo-Riemannian theory as a “cognitive pitch-
space model,” several of his comments provide a launching point for our discussion in this chapter. Early in his 
list, he draws attention to the fact that neo-Riemannian transformations view harmonic progressions strictly as 
sequences of chromatic voice-leading relationships: 
Second, even though the Tonnetz represents triads rather directly, it treats all pcs in a chord as 
equal, ignoring the concept of a chordal root, which since Rameau has been fundamental to tonal 
theory. As a consequence, triadic progressions are viewed solely through the lens of efficient voice 
leading. …The progression I ➝ vi, for example, is accomplished not by root motion but by the 
stepwise motion of the R transformation. While this treatment may be appropriate in certain 
contexts, in many it is not. (Lerdahl 2001, 84; emphasis added) 
 
While I recognize Lerdahl’s sentiment that the R transformation does not capture the traditional 
rationale of motion from tonic to submediant, I would emphasize that in “certain contexts” labeling that 
harmonic motion using the R transformation could be appropriate: it might be used to convey 
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something about the voice-leading relationships in a passage, rather than its functional behavior—
regardless of whether the passage at hand is functional or not. As Lerdahl points out, however, this 
transformational label doesn’t capture anything about that move’s inherent diatonicism. Lerdahl also 
limits his critique to the parsimonious PLR transformations, and doesn’t consider other ways of 
defining transformations between triads.7  
 In the beginning of the quotation, Lerdahl comments about the fact that transformational 
theory assumes equality among all chordal members of the triad. It is true that neo-Riemannian theory 
treats the third and fifth of the triad as equal members to the root, but there’s another assumption of 
equality that Lerdahl doesn’t mention: neo-Riemannian theory treats all twelve pitch-classes in the 
chromatic scale as equal, unable to privilege the pitch-classes belonging to a single diatonic collection. 
This assumption of mod-12 equality is an aspect that we reconsider when constructing our 
transformational system in §3.4.  
Near the end of his enumeration of drawbacks of the neo-Riemannian approach as a cognitive model, he 
writes: 
Fifth, neo-Riemannian theory has typically been applied to chromatic passages in late tonal 
compositions, but its application to standard diatonic passages is awkward. For example, granting 
the D transformation as an independent transformation, I➝ IV➝ V➝ I becomes –D + 2D + 
–D (where “–D” designates leftward movement in Figure 2.35 [the fifth axis of a tonnetz]) … 
In brief, the neo-Riemannian version is just as elaborate as the Roman-numeral description; yet, 
unlike the latter, it omits diatonic scale degrees and root motions. (Lerdahl 2001, 85; emphasis 
added) 
 
This “awkwardness” lies at the heart of our motivation for this chapter. As Lerdahl describes, it is possible to 
describe most triadic diatonic progressions using mod-12 transformations (that is, as long as they don’t contain 
any diminished triads), but doing so is often clumsy and unintuitive. 
                                               
7 Even though he mentions D in the second excerpt, Lerdahl is only considering the neo-Riemannian transformations, not 
all mod-12 triadic transformations. At the time of his writing, “D” was often included in the bag of neo-Riemannian 
transformations, and his description of it on the tonnetz suggests that he conceives of it in terms of voice leading. See Hook 
2002, 59, 79.  
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 In a review of Lewin’s GMIT, Hook reiterates the inability of transformational theory to describe simple 
diatonic idioms:  
Much transformational attention has been paid to harmonic structure in music that is broadly 
tonal. While this work at its best offers formal elegance and tantalizing glimpses of analytical 
potential, it has had limited success as a general analytical method for complete pieces. Some of 
the reasons have already been alluded to, but many of them involve difficulty of accommodating 
even the simplest diatonic behavior in analytical models that are fundamentally chromatic in 
construction. The inability of any established transformational system to explain why the 
minor-key counterpart to I–IV–V–I should be i–iv–V–i rather than i–iv–v–i (or i–IV–v–i or 
something else) is, bluntly, an embarrassment. (Hook 2007b, 183) 
 
Here, Hook gives us insight into one of the problems with neo-Riemannian analyses of tonal music: the issue of 
triad quality.  
Given a string of roman numerals in the major mode, we can produce an equivalent progression by 
changing the key to the parallel minor and interpreting the string of roman numerals in the minor mode.8 In 
general, tonal intuition tells us that we want similar analyses to describe analogous progressions in the major and 
minor modes; however, this is problematic when using mod-12 triadic transformations, which treat the triad as 
an (037)12 set class. Since the twelve semitones are divided differently among the seven scale steps in major scales 
versus minor scales, applying the mod-12 transformations that describe a major-mode progression to an initial 
minor triad always doesn’t produce a corresponding minor-mode progression. 
 
                                               
8 Depending on the original progression, we might be at risk of introducing stylistic errors by exchanging the mode, for 
instance, if the original progression contained a root-position ii chord. 
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3.2.2. THE RIEMANNIAN TRANSFORMATIONS, LR/RL CHAINS, AND DIATONICISM 
Let us study this problem in more detail using the neo-Riemannian analysis in Figure 3.1a. If the analysis works as 
we hope, then applying the string of neo-Riemannian transformations in that example (R –L–LR) to a C-minor 
triad should produce the minor-mode equivalent of the progression: i–VI–iv–V64 . Figure 3.3 shows the actual 
result: C minor–E♭ major–G minor–C minor (i–III–v–I (or V64 )). The tonnetz representation of this 
progression in Figure 3.4 (as compared to the major-mode version in Figure 3.2a) provides a visual explanation 
for why the change of mode fails: the “Riemannian” PLR transformations act in “equal and opposite” ways on 
major and minor triads. Applying R to a C-major triad changes the mode and transposes the triad’s root down 
three semitones; likewise, applying R to a C-minor triad changes the mode and transposes the triad’s root up 
three semitones. On the tonnetz, this is apparent in that R involves motion diagonally to the lower left when 
applied to C major (Figure 3.2a), but the same transformation results in motion diagonally to the upper right 
when applied to C minor (Figure 3.4). In a sense, beginning the progression in the minor mode does produce an 
“analogous” progression, but it’s not analogous with respect to our tonal intuitions.  
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Figure 3.3. The transformations from Figure 3.1a beginning on a C-minor triad. 
 
 
 
 
Figure 3.4. The path of Figure 3.3 through the tonnetz. 
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Closer examination of the tonnetz’s structure reveals an interesting phenomenon: the minor-mode 
version of the original progression appears in a loosely parallel path on the tonnetz to that of the major-mode 
version, it just requires a swap of the L and R transformations. That is, the minor version of the progression, C 
minor–A♭ major–F minor–C minor, results from transformations: L–R –RL. This highlights an interesting 
property of RL chains and their relationship to functional diatonic progressions.  
 
Figure 3.5. Diatonic subsets of an RL or LR chain in (a) the major mode and (b) the minor mode. 
(a) 
 
 
(b) 
 
 
If we pick any major or minor triad on the tonnetz and designate it as the tonic, then the first two or 
three triads produced by either an LR or RL chain stay within a single diatonic collection: if the tonic is major, 
I vi IV ii ¼VII
& www www www www wwwb
C a F d
R
Bb
L R L
M M M M
i VI iv ¼II ¼vii
& wwwb wwwbb wwwb wwwbb wwwbb
c Ab f Db bb
L R L R
M M M M
 137 
then the chords produced by RLR create a I–vi–IV–ii progression (Figure 3.5a); if the tonic is minor, then the 
chords produced by LRL create a i–VI–iv–♭II progression (Figure 3.5b).9 One more application of either L or R 
produces a chord distant to the original tonic, either ♭VII in the major progression or ♭vii in the minor 
progression.  These chromatic chords introduce accidentals from a key closely related to the original tonic, the 
one a perfect fifth below.10 For instance, in C major the first new accidental is B♭ (from F major); in C minor it is 
D♭ (from F minor).  
What I wish to emphasize is that, when used in tonal music, a progression that can be analyzed as an RL 
chain should not necessarily be interpreted as an uncontrollable spiral into chromatic territory, but instead might 
be understood as a chain of short bursts of diatonic syntax, linked by modulations through closely-related keys.11 
 
                                               
9 It would not be possible to have a diatonic ii° (a diminished triad) in the minor version of this progression, since the neo-
Riemannian transformations only act on major and minor triads. The ♭II chord is the closest chord to a diatonic ii° chord 
available in the system. 
 
10 This fifth relationship between scales is particularly notable since it corresponds to the smoothest possible voice-leading 
relationship between diatonic scalar collections. For more on voice leading between scales, see Chapter 4.     
 
11 Technically in an RL/LR chain, every six contiguous triads belong to a single diatonic collection (e.g., G–e–C–a–F–d), 
but the first triad in the diatonic collection does not begin on a tonic.  
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3.2.3. BEETHOVEN, RL CHAINS, AND DIATONIC SYNTAX 
The intrinsic diatonic nature of RL chains is illustrated by the most famous example of an RL chain in the 
transformational theory literature: a brief passage in the second movement of Beethoven’s Ninth Symphony.12 
This particular example (Figure 3.6) is famous for its length—it traverses nineteen out of the twenty-four major 
and minor triads that make up the complete RL chain. Despite its potential to be analyzed as a chain of 
transformations, however, I argue that this harmonic pattern is actually prepared through the Scherzo’s diatonic 
syntax, as well as its placement in the movement’s formal structure.  
 
Figure 3.6. Beethoven, Symphony No. 9, 2nd movement, mm. 143–76. 
 
                                               
12 Cohn (2012, 183) makes a related reference to the diatonic nature of this passage; however, he partitions the triads into 
larger segments (“bouquets of six”) and concludes that “after several hypothesized tonics fail to materialize, we give ourselves 
over to the momentum of the journey.” Analyses of this excerpt appear in many other places in the transformational theory 
literature, including Cohn 1997, 36; Hook 2002, 89; and Crans et al., 2009, 489.  
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The frequently cited RL chain begins in the A section of the movement’s compound ternary form; this 
A section itself is comprised of an entire sonata form, with an exposition that modulates from D minor to C 
major. The passage begins in this unusual secondary key area, eight measures before the end of the A section’s 
exposition. One would undoubtedly hear the first five measures of this excerpt diatonically in the secondary key, 
as a I–vi–IV–ii progression in C major that is cut off by three measures of notated silence. During the first pass 
through the exposition, the passage does not continue through the RL chain, but rather repeats to the opening of 
the movement, in D minor. Retrospectively, the final chord before the notated silence (ii in C major) serves as a 
pivot chord to the new tonic (i in D minor). During the second time through the exposition, the silence 
following the C-major progression is broken again by a sudden shift back to D minor, but this time the D-minor 
music is a sequential repetition of the C-major progression, now in a minor key with Neapolitan inflection 
(i−VI–iv–♭II). The expositional repeat has prepared the listener to expect this modulation to D minor. 
From here, Beethoven repeats the same pattern, taking the ♭II chord in D minor as the new tonic for a 
sudden shift to E♭ major. The silences dividing these two sections seem to invite a hearing that segments the 
passage into such segments, each belonging to a separate diatonic key. By this point, the listener is conditioned to 
hear each segment of four chords as a progression in a single key. The start of the development initially satisfies 
this expectation, beginning with I–vi–IV–ii in E♭ major, but from here Beethoven plays with the competing 
diatonic syntactic and chromatic sequential characteristics of this progression, linking together diatonic 
fragments in F minor, G♭ major, and A♭ minor. Upon arrival at the ♭II chord in A♭ minor, the pattern breaks 
and the passage steps up chromatically to B♮, which serves as 5"  for an E-minor restatement of the primary theme 
that has undergone hypermetrical manipulation.13  
 
 
                                               
13 Perhaps the three-measure groupings implied by my analysis foreshadow the triple hypermeter of the famous ritmo di tre 
battute section immediately following this excerpt. Since the final six measures of this excerpt (mm. 171–76) divide into 
three groups of two, they could be heard as an augmentation of this triple hypermeter. On hypermeter in this passage, see 
also Cohn 1992. 
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Figure 3.7. Analysis of Beethoven, Symphony No. 9, 2nd movement, mm. 143–76 (Figure 3.6) with the  
Riemannian and tonal-functional transformations and as subsets of diatonic syntax. 
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3.2.4. THE TONAL-FUNCTIONAL TRANSFORMATIONS AND DIATONICISM 
Any RL chain, including the one in this passage of Beethoven’s Ninth Symphony, can alternatively be analyzed 
using a single transformation: Lewin’s mediant transformation, M. This transformation treats a triad as a 
diatonic mediant and transforms it into its local tonic; for example, applying M to C major produces A minor, 
and applying M to C minor produces A♭ major. The M transformation belongs in the category of triadic 
transformations that I call the “tonal-functional” transformations (see §1.2.6). Although application of this 
transformation follows a trajectory on the tonnetz along the RL chain, it always moves in the direction where 
triad roots descend by third, corresponding to a path to the lower left in the tonnetz (Figure 3.8). Thus, unlike 
application of the R and L transformations, which depend on the order that the transformations are applied, 
application of M to an initial triad will always yield the functional progression of diatonic triads shown in Figure 
3.5.  
 
Figure 3.8. Path of the mediant (M) transformation in the tonnetz (corresponds to Figure 3.5). 
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Figure 3.9. The diatonic progression from Figure 3.1a analyzed with tonal-functional transformations. 
 
 
Figure 3.9 shows the diatonic progression from Figure 3.1a analyzed with the M transformation and the 
related tonal-functional transformation, D. The names of these transformations might come across as slightly 
confusing since, aside from the initial application of M to the first triad, M and D never refer to the “mediant” or 
“dominant” in the key of C major; nonetheless, the analysis seems to capture the root motion by thirds and fifths 
that characterizes the diatonic behavior of the progression. Unlike the problematic minor-mode progression in 
Figure 3.3, applying the transformations from Figure 3.9 to a C-minor triad does produce a satisfying minor-
mode version of the original progression (Figure 3.10). 
 
Figure 3.10. The transformations from Figure 3.9 beginning on a C-minor triad. 
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Nevertheless, if we slightly alter the progression by substituting a new predominant, eliminating the 
cadential six-four, and extending the progression to an authentic cadence, then the transformational analysis no 
longer works (Figure 3.11). The descending fifth root motion connecting the ii chord (D minor) and V chord (G 
major) cannot be cleanly captured using only the tonal-functional transformations, M, S, and D. Motion from D 
minor to G minor would be easy to represent with the transformation D (which is equivalent to M2); but since 
the progression involves a change of mode to G major, the only option here involves a minimum of three 
transformations: S2M–1. There are several equivalent ways to write this transformation—such as M–5, M19, or 
D9M—but they all seem rather complex and none adequately capture the intrinsic trajectory from predominant 
to dominant. This example demonstrates that a triad’s major or minor quality can easily become an obstacle 
when trying to use mod-12 triadic transformations to model diatonic behavior. Despite the fact that the ii chord 
is a common predominant in the diatonic system, the tonal-functional transformations are not easily able to 
capture its motion as a minor-mode predominant moving to a (major-mode) dominant. 
 
Figure 3.11. A new diatonic progression analyzed with tonal-functional transformations. 
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Triad quality is not only a problem when using the tonal-functional transformations, it is also an issue 
when analyzing a diatonic progression with the Riemannian transformations. In any analysis using only P, L, and 
R, motion between triads of opposite qualities affects the number of transformations required. Since all three 
PLR transformations reverse a triad’s mode, motion between triads of the same mode always requires an even 
number of transformations, while motion between triads of opposite modes requires an odd number of 
transformations. This property doesn’t seem to relate to any kind of conceptual understanding about the way 
that major and minor triads function within a diatonic system; in fact, it’s problematic, since—assuming a major-
mode dominant chord—major and minor triads are distributed differently throughout the two scales. 
 Returning to the motion from ii to V, one solution might be to combine the two families of 
transformations and capture the change of mode using the P transformation in conjunction with the D 
transformation (Figure 3.12). But this too is problematic: when the mode is switched to major, then the 
progression ends a half step too low (Figure 3.13)!  
 
Figure 3.12. The diatonic progression from Figure 3.11 analyzed with a combination of 
 Riemannian and tonal-functional transformations. 
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Figure 3.13. The transformations from Figure 3.12 beginning on a C-minor triad. 
 
 
3.2.5. UTTS AND DIATONIC TRIADS 
At this point, we’ve seen a variety of transformational analyses—one using exclusively the Riemannian 
transformations, one using exclusively the tonal-functional transformations, and one using a combination of 
both types—all fail to adequately capture the diatonicism of a simple harmonic progression. But the 
transformations in those subgroups (P, L, R, M, S, D, and their combinations) are by no means the only mod-12 
triadic transformations available. How might we possibly determine whether there exists another way to 
adequately analyze a diatonic progression using mod-12 transformations?  
As introduced in §1.2.6, triadic transformations are mappings from the set of 24 major and minor triads 
to itself. It is possible to define a very large number14 of triadic transformations, but since we want the 
transformations to act in a consistent manner when applied to major triads or when applied to minor triads, we 
are concerned with only those that satisfy Hook’s condition of uniformity. This requirement limits us to 
consideration of only the 288 uniform triadic transformations. Although in principle we could continue to apply 
these transformations to diatonic progressions by trial and error as we’ve done earlier in this chapter, the 
                                               
14 There are exactly 24! = 6.204484 × 1023 ways to define transformations that bijectively map elements of TRIAD to itself. 
Each of these could be understood to be a mod-12 triadic transformation. In musical applications, however, we are often 
most interested in the 288 that satisfy Hook’s property of uniformity; see §1.2.6. 
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mathematical properties of these transformations can help us understand why certain subsets of these 
transformations may or may not be plausible to include in a transformational system capable of describing 
diatonic behavior.  
When analyzing tonal music, intuition tells us that the set of triads belonging to a single diatonic 
collection is closed: we can move freely among them, but stepping outside of that collection amounts to enlarging 
the possible chords under consideration. Mathematically, this relates to the set of triads that the transformations 
act on. If we limit ourselves to a single diatonic collection, we already have an issue—the triadic transformations 
are defined to act only on the set of 24 major and minor triads, so there’s no way to account for the diminished 
triad in the diatonic collection. Even if we leave the diminished triad out (which hardly seems like a good 
solution) then there are only two subgroups of UTTs under which that set of six diatonic triads is closed,15 and 
neither one is very analytically useful: one is the subgroup that contains only the identity element, and the other 
contains the identity element and R.16 One might argue that an analyst could just pick and choose 
transformations that stay within a single diatonic collection, but that doesn’t fix the underlying issue—that the 
abstract mathematical structure is at odds with the way we conceive of the chords belonging to a single diatonic 
collection versus those that are foreign to it.  
Other group-theoretic properties provide explanation for some of the other behaviors of these 
transformations that make them incongruent with tonal intuitions. For instance, although Figures 3.12 and 3.13 
use the exact same string of transformations (M–M2–DP–D), Figure 3.12 both begins and ends on a C major 
triad, while Figure 3.13 begins on C minor and ends on C♭ minor. In a transformational system for diatonic 
                                               
15 This notion of “closure” is slightly different from that previously referenced with respect to algebraic groups (§1.2.2). 
Here, the action of the subgroup on a set of triads is “closed” if applying any of the transformations in the subgroup produces 
a triad in the set. In contrast, the group-theoretic axiom of closure requires that, in order for a set of transformations to be 
called a group (or, here, subgroup), the combination of any two transformations with the group operation (here, 
composition of functions), must also belong to the group.  
 
16 The problem with both of these subgroups is that, given any x and y in the set of diatonic triads, there isn’t necessarily a 
transformation f in the subgroup that maps x to y. In other words, we don’t always have a way to get from one triad in the set 
to any another. Mathematically, this is equivalent to saying the group actions are not transitive; that is, the actions of those 
two subgroups ({T0} and {T0, R}) on the set of six diatonic triads have more than one orbit. 
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harmony, we ideally want to be able to take a string of transformations that describes a major-mode progression 
(like that in Figure 3.12), apply it to a minor triad to produce a progression that still ends on a, now minor-mode, 
tonic. 
 Our two families of transformations, the Riemannian and the tonal-functional, each comprise a simply 
transitive subgroup of UTTs. If an analysis of a progression that begins and ends on the same tonic is constructed 
using transformations from a single simply transitive subgroup, then applying that same string of transformations 
to any other major or minor triad will result in a progression that ends on the same tonic from which it began, 
regardless of that tonic’s quality. Consider the examples above that use exclusively the Riemannian or exclusively 
the tonal-functional transformations: if the major-mode progression began and ended on a tonic (Figures 3.1a 
and 3.9), then the corresponding minor-mode progression also ended on a tonic (Figures 3.3 and 3.10, 
respectively). The same rationale explains why Figure 3.13 ends off tonic, on a C♭-minor triad: although the 
major-mode version (Figure 3.12) did begin and end on a tonic, that analysis combines the tonal-functional and 
Riemannian subgroups, so the action of the transformations is not simply transitive. As a result, there’s no 
guarantee that applying those same transformations to a minor-mode tonic will produce a progression that ends 
on the same tonic. Ultimately, however, this issue is superseded by the issue of closure, since there is still no useful 
group of transformations—simply transitive or not—that is closed when acting on the set of six major and minor 
triads belonging to a single diatonic collection. Here we’ve uncovered one possible explanation for why 
transformational theory and diatonic harmony seem incompatible: the triads belonging to a diatonic collection 
feel conceptually like a closed system, and mod-12 triadic transformational theory is not able to capture that 
notion. 
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3.3. THE (024)7 TRIAD 
 
The triadic transformations discussed in the previous section exist in a fundamentally mod-12 universe: they 
define mappings between members of set-class (037)12. This section begins by reviewing how the structure of the 
triad in mod-12 space facilitates the parsimonious voice-leading relationships of the PLR transformations 
(§3.3.1). It then applies the contextual inversions definitions of the PLR transformations to mod-7 set class 
(024)7, to produce a group of mod-7 transformations analogous to the neo-Riemannian group (§3.3.2). The final 
section examines the analytical potential of this w group (§3.3.3). 
 
3.3.1. THE PLR TRANSFORMATIONS AND PROPERTIES OF THE TRIAD AS (037)12 
It is widely known that the three neo-Riemannian transformations, P, L, and R, each preserve two common 
tones and move the third voice by one or two chromatic steps. Since all three transformations also reverse the 
mode of the triad to which they are applied, these transformations are often expressed as a contextual 
inversions.17 When applied to any major or minor triad, the P, L, R transformations can be defined as follows: 
 
P = I#$%#&  
L = I#'%#&  
R = I#$%#'  
where x1 is the root, x2 is the third, and x3 is the fifth of a major triad  
or x1 is the fifth, x2 is the third, and x3 is the root of a minor triad 
                                               
17 These definitions appear in Crans et al. 2009, 485. Other definitions of these transformations appear in Cohn 1997, 
Kochavi 1998, and Straus 2011. Some of these definitions only work when a set is in prime form. The definitions given here 
were chosen for their ability to be generalized to mod-7 space.  
 149 
Figure 3.14 shows these three transformations applied to a C-major triad. Together, the PLR transformations 
have a dihedral group structure, generated by the transformations R and LR. The Cayley diagram of this group is 
shown in Figure 3.15.18   
 
Figure 3.14. The PLR transformations as contextual inversions applied to a C-major triad. 
 
                                               
18 A Cayley diagram is a graph-theoretic representation of an algebraic group. In musical applications, often Cayley diagrams 
are transformation networks. 
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Figure 3.15. A Cayley diagram of the PLR group. 
 
On the tonnetz (Figure 1.13), the edges lying between the graph’s triangular faces illustrate the 
common-tone retention of each transformation. Triads related by the PLR transformations correspond to 
triangular faces that share an edge; each triangle is surrounded by three adjacent triangles which relate to the 
three different ways of preserving two common tones in a triad.  
It is important to note that in mod-12 space, it is not possible for any non-trivial transposition (Tn) to 
map a major or minor triad to another triad that shares two common tones; thus, with regards to set-class 
(037)12, there’s an intrinsic link between common tones and inversions.19  This connection is also apparent from 
the group structure of the transformations acting on TRIAD: the group of transpositions and inversions has a 
                                               
19 The lack of common tones under transposition is apparent from the fact that the interval-class vector of (037)12, 
<001110>, does not contain any 2’s. 
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dihedral group structure isomorphic to that of the parsimonious PLR transformations (Figure 3.16). Notice that 
the abstract structures of the Cayley diagrams shown in Figures 3.15 and 3.16 are identical.  
 
Figure 3.16. A Cayley diagram of the TI group. 
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3.3.2. GENERALIZING THE PLR TRANSFORMATIONS TO MOD-7 SPACE 
As an initial attempt at defining a group of parsimonious transformations that acts on generic triads, we’ll apply 
the contextual inversion definitions of the PLR transformations (given in §3.3.1) to mod-7 set classes. Since 
major and minor triads are indistinguishable in mod-7 space, we adopt the major-mode version of the mod-12 
definitions for all generic triads.20 Figure 3.17 shows the results of applying these definitions to a generic C triad.  
 
Figure 3.17. The PLR transformations generalized into mod-7 space  
as contextual inversions applied to a generic C triad. 
                                               
20 The major-mode version of these definitions assigns x1 as the root, x2 as the third, and x3 as the fifth in the equations from 
§3.3.1. 
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It is perhaps unsurprising that application of the P transformation no longer has the same effect as in 
mod-12 space: assuming that they are spelled with the same letter names, parallel major and minor triads are 
represented by the exact same mod-7 set class. Attempting to define a mod-7 version of P in this way, however, 
highlights a notable property of the generic triad: its inversional symmetry. Any triad on the generic pitch-class 
circle is inversionally symmetric with an axis of symmetry that passes through the third of the triad. This 
definition of P as a contextual inversion always inverts the triad over this axis of symmetry; thus, unlike in mod-
12 space, the generalized P transformation is equivalent to the identity transformation (e) as a mapping from 
GTRIAD to itself. Since the triad is inversionally symmetric (and because there is no differentiation between 
major and minor triads in generic space), generic triads lack the dualistic property that characterizes the triad in 
mod-12 space and which is crucial to the “Riemannian” quality of the neo-Riemannian transformations. As a 
result, the transformation groups relating mod-7 triads have a completely different structure from those relating 
mod-12 triads.  
 If we apply the contextual-inversion definitions of R and L to mod-7 triads (where x1 is the root, x2 is the 
third, and x3 is the fifth), we get the desired transformation: each inversion operator maps a generic triad to 
another one that shares two common tones with the original triad and that displaces the third note 
parsimoniously by a single generic step (Figure 3.17). Each of these triads is related by a generic third 
transposition to the original: the generalized R transformation produces a triad with a root located a generic 
third below the original triad (t–2 = t5), while the generalized L transformation produces a generic triad with a 
root located a generic third above the original triad (t2). Since –2 is equivalent to 5 modulo 7, the two 
transposition operators are inverses of one another. The fact that the R and L transformations behave slightly 
differently in mod-7 space versus mod-12 space reveals how relationships between triads relies on our prior 
assumptions about the space they inhabit.  
Although deriving these transformations as generalized versions of R and L reveals their similarity to the 
neo-Riemannian transformations, from here on we’ll define the parsimonious motion with descending root 
motion (the generalized version of R) as a new transformation, w1. This transformation acts on the set of seven 
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generic triads, the set GTRIAD. Just as the mod-12 triadic transformations are functions from TRIAD to itself 
(Figure 1.10), the mod-7 triadic transformations are functions from GTRIAD to itself: as shown in Figure 3.18, 
each maps a generic triad to another generic triad.21 The w1 transformation maps any generic triad to the generic 
triad whose root is a third below; it is equivalent to a t5 transposition. Its inverse, w–1, described above as a 
generalized L transformation, maps any generic triad to the generic triad a third above; it is equivalent to a t2 
transposition. The w1 transformation is the generator of a cyclic transformation group of order 7; the Cayley 
diagram for this group appears in Figure 3.19. Like any cyclic group, this transformation group is commutative. 
 
Figure 3.18. The w1 transformation as a mapping from GTRIAD to itself. 
 
                                               
21 In terms of generalized set theory, the triadic objects in TRIAD and GTRIAD are mod-12 and mod-7 OP classes, respectively. 
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Figure 3.19. A Cayley diagram of the w group. 
 
One of the most notable differences between the mod-7 group generated by w1 and the mod-12 PLR 
group is the fact that the former includes only transpositions and the latter includes transpositions and 
inversions.22 As described in our discussion of Figure 3.14, in mod-12 space it is not possible to produce a 
member of (037)12 by transposition that shares two common tones with the original set class. In mod-7 space, a 
double-common-tone transposition is possible and such a transposition involves motion of the remaining pitch-
class by single step.23 In short, differences in the structure of the triad as set class (024)7 or (037)12 dictate the 
differences in voice leading in mod-7 versus mod-12 space. 
                                               
22 Analogously to the mod-12 case described in footnote 10, there are 7! = 5,040 total ways to define bijective mappings 
from GTRIAD to itself, but we’re only interested in those that satisfy the mod-7 equivalent of the “uniform” property. In a 
generic setting, the property of uniformity is extremely simple: a “uniform” transformation will act the same way when 
applied to any generic triad. Since changing the mode or acting differently on major and minor triads isn’t possible in mod-7 
space, acting “the same way” merely means that a “uniform” transformation will always transpose a generic triad by the same 
distance, regardless of which triad it is applied to. Thus, there are only 7 “generic uniform triadic transformations,” 
equivalent to the seven generic transposition operators (tn). The group structure of any one of these transformations is 
isomorphic to the w group. Hook (2002, 115–16) considers other ways of applying UTTs to mod-7 triads. See also Clough’s 
(2008, 37–45) enumeration of mod-7 uniform flip flop circles. 
 
23 This can be seen by examining the mod-7 interval vector, <021>, for set-class (024)7. 
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The fact that there are only two parsimonious transformations that can be applied to a generic triad can 
be visualized on the mod-7 tonnetz (Figure 3.20), a graph analogous to the traditional tonnetz in Figure 1.13.24 
In mod-7 space each generic fifth belongs to only one triad, so it’s not possible to flip the triangle over the 
diagonal edges of the mod-7 tonnetz (Figure 3.20) to produce a new triad; notice that a diagonal flip on the mod-
12 tonnetz (Figure 1.13) corresponds to application of the P transformation. In the mod-7 tonnetz, each triangle 
has only two common edges with other triangles; flipping the triangle horizontally or vertically over these two 
edges is equivalent to the application of w1 or w1–1. 25 As with the mod-12 tonnetz, the shared edges of the 
triangles represent shared common tones. The D–F edges that appear on the left and right sides of the figure 
suggest that the graph can be connected into a loop with a twist; thus, the graph can be embedded into a 
continuous space with Möbius-strip topology. This contrasts with potential of the mod-12 tonnetz to be 
embedded in a space with toroidal topology.  
 
                                               
24 The diatonic tonnetz first appeared in Brower 2008, fig. 20. Cohn (2012, fig. 8.5) and Tymoczko (2012, fig. 27) each 
provide further commentary on the figure. In particular, Tymoczko (2012) relates this structure, as well as the traditional 
(mod-12) tonnetz, to the voice-leading spaces of geometric theory, showing how they can be understood as note-based duals 
to the chord-based voice-leading spaces.  
 
25 In connection his discussion of this space, Cohn (2012, 178–79) describes two different spacings for a simple diatonic 
chord progression. These spacings can be formally differentiated using the transformational system that we develop in §3.4. 
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Figure 3.20. The generic (mod-7) tonnetz. 
 
Although we’ve constructed this transformation group in a way that emphasizes parsimonious voice 
leading, Figure 3.21 illustrates that these relationships also correspond to common diatonic functional 
relationships.26 As indicated by the labels around the outer edges, functional diatonic progressions tend to move 
in a clockwise (descending) direction around this circle of thirds. This figure underscores our main thesis, that 
smooth voice leading in diatonic space may be closely intertwined with conventional diatonic syntax, and that 
the mathematical tools developed for parsimonious chromatic music may illuminate this insight when adapted to 
mod-7 space.  
 
                                               
26 Similar discussion of the close relationship between the diatonic (or generic) circle of thirds and harmonic function 
appears in Agmon, 1995, 200; Tymoczko 2011, 226–30; and Hook forthcoming. 
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Figure 3.21. A diagram of the w group in a functional harmonic context. 
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3.3.3. APPLICATIONS OF THE W GROUP AS A TRANSFORMATION GROUP 
The transformation group generated by w1 acts on the set of seven generic triads (Figure 3.18), so when 
interpreted in a diatonic context, the diminished triad is no longer excluded. Furthermore, the action of the w1 
group on the set of triads is simply transitive, meaning that the space GTRIAD and the transformation group 
generated by w1 form a Lewinian generalized interval system (GIS). Figure 3.22 shows a simple example of how 
this transformation group can be used analytically by showing an analysis of the progression in Figure 0.1a.  
 
Figure 3.22. The diatonic progression from Figure 0.1a analyzed with the w group. 
 
This “analysis” shows little more than the intervallic measurements between roots of each consecutive 
pair of roman numerals. Unlike the roman numeral analysis (Figure 0.1a), it is not able to convey a sense of tonic. 
Since tonal music tends to prefer certain kinds of root motion, however, applying this pattern of transformations 
to any generic triad will produce a progression that adheres to conventional tonal syntax when interpreted in 
some key, possibly with different accidentals attached.  
A useful feature of the w group in analysis is that, since it acts on generic structures, it can analyze 
progressions involving a variety of underlying scales. For instance, applying the accidentals associated with C 
harmonic minor—E♭, A♭, and naturals on all other letter names—allows us to interpret the progression in C 
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harmonic minor (Figure 3.23).27 It would even be possible to interpret each chord using a different underlying 
scale—doing so allows us to transform the diatonic progression from Figure 0.1a into the chromatic progression 
in Figure 0.1b (Figure 3.24). Chapter 4 explores ways of interpreting generic structures as chromatic progressions 
in more detail. 
 
Figure 3.23. The transformations from Figure 3.22 interpreted in C harmonic minor. 
 
Figure 3.24. The transformations from Figure 3.22 interpreted  
with various diatonic collections to produce a chromatic third cycle (Figure 0.1b).28 
                                               
27 In Figure 3.23, the abbreviation HMIN(–2) represents a harmonic minor scale containing two flats.  
 
28 The bass line is different since the final C triad in the functional interpretation is implied to be a cadential six-four. I only 
intend the transformational system to model the motion of the upper three voices.  
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Figure 3.25 analyzes a longer progression with the same transformation group. Since this figure involves 
more transformations, it does a better job at illustrating the intuitive meanings of the exponents attached to w1: 
w2 corresponds to root motion by fifth, while w3 corresponds to root motion by step. These observations aren’t 
novel—they can easily be understood based on our definition of the transformation w1—however, the reason 
they are noteworthy here is that the use of the w transformation group in analytical contexts highlights these 
types of root motion in way that is more explicit than even a conventional roman numeral analysis.  
 
Figure 3.25. A longer diatonic progression analyzed with the w group. 
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3.4. GENERIC VOICE-LEADING TRANSFORMATIONS 
 
Compared to the mod-12 triadic transformations acting on TRIAD, the mod-7 triadic transformations acting on 
GTRIAD are quite simple. In this section, we’ll refine this transformational system by making our definition of 
“triad” more specific. The resulting system describes voice-leading relationships between diatonic triads in the 
three closed-position inversions. 
 As a brief preview of what this system can do as compared to the w group (from §3.3), consider a 
pedagogical scenario: you ask students in a freshman aural skills class to play a I–IV–V–I progression on the 
keyboard. Some students might start the progression with a root position triad in their right hand (Figure 3.26a), 
while other might start with 1"  in the top voice, in a first-inversion shape (Figure 3.26b). We often consider both 
of these progressions to be harmonically “equivalent,” a sentiment captured by both the roman numeral analysis 
and a transformational analysis using the w group (Figure 3.26). The machinery constructed in this section 
provides a way to use transformational theory to precisely capture the differences between voicings in the 
progressions. In this system, both of these progressions follow the same series of transformations, but they begin 
from different starting locations in the space—just like your students sitting at the keyboard.  
 
Figure 3.26. Two voicings of a keyboard-style I–IV–V–I progression beginning with the right hand; 
(a) in root position and (b) in first inversion. 
 
(a)       (b) 
{&? œœœ œœœ œœœ œœœœ œ œ œC F G C
w2w3w2
{&? œœœ œœœ œœœ œœœœ œ œ œC F G C
w2w3w2
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 We open the section by redefining our notion of “triad” by invoking generalized mod-7 set classes, 
specifically P-classes that also assume a restricted type of T-equivalence. These set classes allow us to differentiate 
between triads with various spacings (§3.4.1). We then present the group of voice-leading transformations 
(§3.4.2) and illustrate its application to simple diatonic progressions (§3.4.3). Next, we show how this 
transformation group can be understood as a triadic analogue to the group of signature transformations that act 
on the 84 modes of diatonic scales (§3.4.4). Finally, we examine connections between this transformation group 
and Douthett’s (2008) filtered point-symmetry approach to voice leading (§3.4.5). 
 
3.4.1. TRIADIC TRANSFORMATIONS AND GENERALIZED SET CLASSES 
The triadic transformations described thus far in this chapter act on the sets of triads illustrated in Figure 3.27. In 
the mod-12 case, the set TRIAD contains the 24 major and minor triads differentiated by root and quality, such as 
“C major” and “D♭ minor.” In the mod-7 case, the set GTRIAD contains the 7 generic triads identified by generic 
root alone; this set includes triads like “generic C” and “generic D.” 
 
Figure 3.27. Two sets of triads: (a) the set of 24 mod-12 triads in TRIAD, and  
(b) the set of 7 mod-7 triads in GTRIAD. 
 
(a)       (b) 
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Like the PLR transformations, in generic pitch space the relationship between triads related by the w1 
transformation is not necessarily smooth (see footnote 1). Although it is possible to transform a generic C triad 
into a generic A triad smoothly by moving a single pitch up by step (Figure 3.28a), the motion between those two 
triads could also be executed by transposing the entire triad down two steps through entirely parallel motion 
(Figure 3.28b)—both of those transformations are described by w1. In order to differentiate these two voice-
leadings, we need a way of labeling triads that distinguishes between the A triad in first inversion and the A triad 
in root position. This is possible by refining the objects in the set upon which the triadic transformations act; 
that is, by replacing the set GTRIAD with a different set, a set we’ll refer to as GCLOSE. This new set contains 21 
objects: the seven generic triads differentiated by each of the three closed-position inversions (Figure 3.29).  
 
Figure 3.28. Two ways of applying the transformation w1 in generic pitch space. 
(a)      (b) 
 
 
 
 
 
 
 
Figure 3.29. The set of 21 triads that the v group acts on, containing the  
generic triads differentiated by closed-position inversion (GCLOSE). 
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Figure 3.30. The three closed-position triad shapes  
represented in GCLOSE illustrated on a clef-less staff. 
 
 
 The triads in GCLOSE are identified by a chord root and a superscript “shape” label that indicates the 
spacing of the triad. Since this set only includes closed-position triads, there are three possible shapes that I refer 
to as 024, 025, and 035 (Figure 3.30). These descriptions count the number of diatonic steps above the lowest 
note of each sonority. Each of these labels corresponds to a closed-position triad inversion: 024 refers to a root-
position shape, 025 refers to a first-inversion shape, and 035 refers to a second-inversion shape. Although these 
labels seem reminiscent of figured-bass labels, I intentionally avoid using figured-bass symbols because they do 
not allow us to specify the precise order of the pitches above the bass.29 Distinguishing between triad shapes 
allows us to differentiate the two generic A triads in Figure 3.28: the one in Figure 3.28a is A025, while the one in 
Figure 3.28b is A024. 
 Generalized set theory allows us to formally differentiate between the types of objects representing triads 
in TRIAD or GTRIAD (Figure 3.27) as compared to those in GCLOSE (Figure 3.29). The sets TRIAD and GTRIAD 
represent triads as OP-classes; the former contains mod-12 OP-classes while the latter contains mod-7 OP-classes. 
In contrast, the objects in GCLOSE are P-classes with a particular type of transpositional equivalence applied. 
Unlike traditional T-equivalence, this equivalence relation, TOCT, considers two tuples equivalent if they are 
related by a fixed octave transposition.30 For instance, the chords (2, 4, 7) and (9, 11, 14) are equivalent under 
TOCT because the pitches in each component are related by the same octave transposition. This equivalence 
                                               
29 It might be useful to notice that adding 1 to each number in these labels will convert them to standard figured-bass 
conventions. 
 
30 Formally, two pitch tuples in GPITCH3 are related by TOCT if the interval between them is (7x, 7x, 7x) for some integer 
value of x. 
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relation is finer than both octave and transpositional equivalence—that is, the equivalence classes contain fewer 
chords—because all the notes in pitch tuples that are related by TOCT must differ by the exact same number of 
octaves. It would be possible to define a generalized normal form for these PTOCT-classes; however, I use the root-
“shape” labels for ease of reading. Table 3.1 defines the pitch tuples in each PTOCT-class corresponding to the root-
“shape” labels for each of the 21 triads in GCLOSE. 
The three shape labels (024, 025, and 035) can also be understood as more traditional generalized set-
classes, specifically PT-classes. As musical objects, PT-classes convey the spacing of notes in a chord without 
indicating precise letter names. PT-classes can be thought of as hand shapes required to play a sonority on a 
keyboard; the ability to shift ones hand up or down the keyboard while maintaining the same hand shape 
corresponds to the assumption of T- equivalence in the PT-space. In the geometric PT-space, triads are located at 
the center of each large triangle (Figure 2.51); the location of these triads in this geometric space is relevant to 
our geometric extension of the system in §3.5.2. 
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Table 3.1. PTOCT-classes represented in GCLOSE. 
PTOCT-class Pitch tuples in the PTOCT-class  (for any integer x) 
C024  (0+7x, 2+7x, 4+7x) 
C025 (2+7x, 4+7x, 7+7x) 
C035 (4+7x, 7+7x, 9+7x) 
D024  (1+7x, 3+7x, 5+7x) 
D025 (3+7x, 5+7x, 8+7x) 
D035 (5+7x, 8+7x, 10+7x) 
E024  (2+7x, 4+7x, 6+7x) 
E025 (4+7x, 6+7x, 9+7x) 
E035 (6+7x, 9+7x, 11+7x) 
F024  (3 +7x, 5 +7x, 7 +7x) 
F025 (5+7x, 7+7x, 10+7x) 
F035 (7+7x, 10+7x, 12+7x) 
G024  (4+7x, 6+7x, 8+7x) 
G025 (6+7x, 8+7x, 11+7x) 
G035 (8+7x, 11+7x, 13+7x) 
A024  (5+7x, 7+7x, 9+7x) 
A025 (7+7x, 9+7x, 12+7x) 
A035 (9+7x, 12+7x, 14+7x) 
B024  (6+7x, 8+7x, 10+7x) 
B025 (8+7x, 10+7x, 13+7x) 
B035 (10+7x, 13+7x, 15+7x) 
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3.4.2. GENERIC VOICE-LEADING TRANSFORMATIONS 
To capture voice-leading relationships between closed-position triads, we define the voice-leading 
transformation v1 as a function from GCLOSE to itself. Application of v1 to any triad in the set GCLOSE maps it to 
a triad related by ascending single-step motion, essentially a 5–6 exchange. This transformation acts in a similar 
manner to the w1 transformation (defined in §3.3.2) but on the closed-position triads in GCLOSE rather than the 
more abstract triads in GTRIAD. The function v1 is well-defined on the space: for each element in the space, there 
is only one possible ascending, single-step move that will produce another triadic sonority. In general, when v1 is 
applied to a 024 triad, the top voice ascends to form a 025 triad; when v1 is applied to a 025 triad, the middle 
voice ascends to form a 035 triad; and when v1 is applied to a 035 triad, the bottom voice ascends to become a 
024 triad (Figure 3.31).  
 
Figure 3.31. The action of v1 on each of the three closed-position triad shapes  
illustrated on a clef-less staff. 
 
Figure 3.32. A visual representation of GCLOSE and the v group as a toroidal tile. 
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Figure 3.32 illustrates the space GCLOSE and three transformations that can be defined to act within it: 
the voice-leading transformation (v1), triad rotation (r1), and diatonic transposition (t1). This transformational 
space can be visually represented as an infinite plane, but since the pattern of triads repeats in both directions, the 
space can be divided into tiles, each of which contain all 21 triads. The opposite edges of this parallelogram 
identify with one another, suggesting that the space has a toroidal topology.  
Horizontal motion in the space corresponds to application of t1, diatonic transposition. This operator 
acts slightly differently on the elements of this space as compared to those in GTRIAD. In this space, t1 preserves 
the shape or inversion of the triad while transposing each generic pitch-class up one diatonic step; this is shown 
by the blue horizontal arrows. The green diagonal arrows correspond to r1, the operation of rotation. This 
transformation changes the shape of the triad while preserving its generic pitch classes.  
 Individually, each of these two operators generates a cyclic interval group which acts on specific subsets 
of the triads in this space. The transformation r1 acts on each subset of triads that all contain the same generic 
pitch classes; these appear as diagonals in Figure 3.32. The transformation r1 rotates this sonority, changing the 
inversion of the triad and generating a cyclic group of order 3. Notice that the diagonal containing the generic F 
triads is split by this particular depiction of the space: applying r1 to F024 produces F025, and applying r1 again gives 
F035. The transformation t1 generates a cyclic group of order 7 acting on the subsets of triads that share the same 
shape; these subsets each appear as rows in the configuration of Figure 3.32. This transformation alters the 
generic pitch classes contained in the sonority while preserving the shape of the chord.  
Together, the two operations r1 and t1 generate a group of transformations that acts simply transitively 
on the entire space; so, given any two triads in the space, there exists exactly one unique combination of r1 and t1 
that transforms the first chord into the second. Since t1 generates a subgroup that is isomorphic to the cyclic 
group of order 7 (𝒞7) and r1 generates a subgroup that is isomorphic to the cyclic group of order 3 (𝒞 3), the 
transformation group of the entire space is isomorphic to the product of those two cyclic groups (𝒞 7× 𝒞 3). As 
the product of two cyclic groups, this group is commutative; this means that the order in which the 
transformations are applied does not affect the result (i.e., v1t1 is equivalent to t1v1).  
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Although it is possible to generate the entire space from r1 and t1, we can also describe motion in the 
space using the v1 transformation. Applying v1 seven times (v7) is equivalent to one application of r1. This can be 
seen in Figure 3.32 by starting at C024 and following seven iterations of the voice-leading transformation to arrive 
at a C025 triad. Applying v1 seven more times turns the C025 triad into a C035 triad, and applying v1 a total of 
twenty-one times brings us back to the original C024 triad. Thus, v1 generates a cyclic group of order twenty-one 
that acts on the entire space GCLOSE.  The properties described above can be summarized as follows:   
r0 = r3 = e 
t0 = t7 = e 
v0 = v21 = e 
t1= v3 
r1= v7 
 
Since we’ve already shown that the interval group of this space is isomorphic to 𝒞 7 × 𝒞 3, we can infer 
that this group is isomorphic to the cyclic group of order 21 (𝒞 21). This claim follows from a basic principle of 
group theory: if the integers i and j are relatively prime (meaning that their greatest common factor is 1) then the 
product of cyclic groups 𝒞 i× 𝒞 j is isomorphic, or “equivalent to” the cyclic group 𝒞 ij. Interpreting Figure 3.32 as 
a Cayley diagram of the group confirms the toroidal topology implied by the description of the group structure as 
a product of two cyclic groups; nonetheless, since the group can also be described as a single cyclic group, it is 
possible to construct an alternative graph-theoretic representation of the group (Figure 3.33). Since this group is 
simply transitive, the group generated by v1 and the space GCLOSE form a generalized interval system.   
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Figure 3.33. An alternative Cayley diagram of the v group as a single cyclic group 𝒞21. 
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3.4.3. ANALYTICAL EXAMPLES USING GCLOSE 
Figure 3.34 shows a simple example of how these transformations can be used analytically using the 
upper voices of Figure 3.26. The transformation v−1t1 captures the motion from the C triad to the F triad in two 
steps: v−1 describes the C moving down to a B, and t1 indicates transposition of the entire triad up a diatonic step. 
The other label, v2, captures the number of ascending, single-step moves overall in this transformation: E and G 
each move up a step to F and A. Likewise, the next transformation v–1t–1 describes the change of shape 
(035➝025 or 024➝035) by descending single-step motion (v–1) and then transposition of the entire sonority 
down a generic step (t–1) to G025 or G035. This motion between could alternatively be understood by the 
equivalent transformation, v–4, in four individual single-step stages.  The final transformation v2 acts similarly as 
the first, but is applied to the generic G chord.  
 
Figure 3.34. The upper three voices from Figure 3.26 analyzed with the v group. 
(a)       (b) 
 
As our keyboard skills vignette implies, one useful analytical application of this system is as a way to 
study the motion of the upper three voices of a four-voice chorale texture. There are several characteristics of 
abstract harmonic patterns that make them useful for this application. Progressions intended to be in “keyboard 
style” often arrange the upper voices so that they fit within an octave, frequently using closed-position triads. 
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Even those progressions involving wider ranges tend to adhere to the common voice-leading “rule” of not 
allowing more than an octave between any pair of consecutive upper voices, a guideline that will be relevant to 
our extensions of this system in §3.5. 
The decision to only model the upper three voices of these progressions implicitly comes with the 
assumption that the motion of the bass often seems to adhere to principles different from those that govern the 
parsimonious behavior of the upper voices. There certainly exist exceptions to this assumption; nonetheless, the 
simplicity of this transformational system allows us to make observations about voice leading and triadic 
structure that could be broadly extended to include contrapuntal bass motion.  
 
Figure 3.35. The diatonic progression from Figure 3.25 analyzed with the v group; 
(a) in music notation and (b) as a path on the torus. 
 
(a) 
(b) 
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Figure 3.35a shows the longer progression from Figure 3.25 along with a transformation network that 
analyzes the progression using the transformations in GCLOSE. Figure 3.35b illustrates the path of this 
progression on the torus. The fact that the path appears in a relatively compact region of the space is a result of its 
parsimonious voice leading. As compared to our analysis using the w1 transformation, this analysis tells us about 
the upper-voice behavior of the progression rather than just the pattern of root motions. All but one of the 
transformations in this particular progression can be notated as one application of v1 and one of t1; these are 
shown with the purple arrows which connect triads located diagonally apart in the space.31 Such transformations 
are effective at demonstrating how the voice leading is realized in pitch space or on a keyboard; for instance, the 
second transformation v1t1 (connecting D025 and C035) captures the sense in which one could execute that move 
on a keyboard by moving the A up to B (creating a B035 triad) and then shifting the entire hand up a diatonic 
step.  
 
Figure 3.36. A diagram of the v group in a functional harmonic context. 
 
                                               
31 The transformations v2, v4, and their inverses can each be notated as a combination of v±1 and t±1: v2 is equivalent to v–1t1; 
v–2 is equivalent to v1t–1; v4 is equivalent to v1t1; and v–4 is equivalent to v–1t–1. Some triads related by these transformations do 
not appear located diagonally apart in the toroidal tile (Figure 3.32), but they would be at a diagonal relationship if the 
opposite edges of the parallelogram are identified with one another, or if the chord labels are continued past the edges of the 
parallel to create an infinite plane. Since either label may seem more appropriate based on context, I adopt the convention of 
preferring v2, v–2, v1t1, and v–1t–1 in my analyses. 
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In common diatonic progressions, paths like these, involving one application of v±1 and/or one of t±1 
turn out to be rather common—and for a good reason. By isolating a single chord on the torus and imagining it 
as a “tonic”, Figure 3.36 illustrates how it is possible to travel to any of the six other diatonic triads by one 
application of t±1, one of v±1, or both combined.32 There are certainly melodic or stylistic reasons to travel to 
chords that are not directly adjacent to the starting triad, but it is not absolutely necessary in order to reach a 
chord with the desired pitch classes.  
Although mathematically we can easily travel between any two points in this space, in traditional four-
part writing, motion in the space is restricted by stylistic guidelines. For instance, it is rare that a chord in the 024 
shape undergoes only transposition, since that would often result in parallel fifths. As long as one avoids 
horizontal motion in the middle row, then local moves within this space will produce a relatively “error-free” 
progression with smooth voice leading between closed-position triads.  
 In addition to capturing chord-by-chord relationships within a single progression, these transformations 
can also be used to describe the relationships between two different progressions. The transformation network in 
Figure 3.38 illustrates the repeated application of r1 to the entire progression in Figure 3.35. Applying r1 twice 
results in the progression in Figure 3.37. Notice that this new progression contains the exact same sonorities 
connected by the same abstract voice-leading motions just with the right hand in different chord shapes. Anyone 
who has spent time part-writing is familiar with the fact that entire lines can frequently—but not always—be 
swapped between voices. Figure 3.37a demonstrates this potential for voice-leading errors: the melodic line 
begins with awkward leaps and the leading tone (that appeared in an inner voice in Figure 3.35) is left unresolved 
at the deceptive cadence. 
 
                                               
32 Recall that these Roman numerals refer only to the shape of the upper three voices—the chord on the top is not actually a 
iii64  chord if we imaging placing a different note below it in the bass. 
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Figure 3.37. A diatonic progression related to Figure 3.35 by r2; 
(a) in musical notation and (b) on the torus. 
 
 
(a) 
 
 
 
(b) 
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Figure 3.38. A transformation network showing the relationship between  
Figures 3.35 and 3.37 as two applications of r1. 
 
 
  
The two versions of the progression represented in Figures 3.35 and 3.37 follow the exact same path on 
the torus, the only difference is which C triad they begin on. That is, transforming the entire progression is 
equivalent to sliding the path of the progression around the toroidal space (compare Figures 3.35b and 3.37b). 
We could similarly apply any of the other transformations—t1, v1, or any combination—to the entire 
progression and, again, it would correspond to sliding the progression to a new starting location on the torus.  
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3.4.4. FROM TRIADS TO SCALES: GENERIC VOICE-LEADING TRANSFORMATIONS AS AN ANALOGUE TO 
SIGNATURE TRANSFORMATIONS 
 
In Chapter 2 we saw that the voice-leading relationships between chords depend on the number of notes in the 
chords and the number of notes in their underlying scale. In that chapter, this fact had implications for the 
structure of the OPTIC voice-leading spaces. Pertinent to this chapter, the triad is the most nearly even 3-note 
chord in a generic space, suggesting that there is a connection between the chain of third-related generic triads at 
the center of the 3-voice mod-7 OP-space (Figure 2.39) and the two transformation groups of generic triads 
described in this chapter.  
 Since the elements of GTRIAD are OP-classes of triads, application of w1 corresponds to motion along 
the chain at the center of the OP-space (Figure 3.39a). The similarities between Tymoczko’s geometric spaces for 
scales and triads provide a key for connecting the transformation group generated by v1 to another existing 
transformation group: Hook’s signature transformations (2008). In his 2011 book, Tymoczko draws a specific 
connection between the OP-space of 3-note chords in a diatonic (or generic) scale (Figure 3.39a) and that of 7-
note “chords” in a chromatic scale (Figure 3.39b). 
Although the lattices in Tymoczko’s figures appear to be identical, our discussion in Chapter 2 explains 
how both pictures are incomplete. Figure 3.39a is a subset of Figure 2.39; the complete figure would include 
seven cubes linked by their faces. Likewise, the complete version of Figure 3.39b would contain 12 cubes, also 
with shared faces.33 Just as the nearly even triads lie along the center of the mod-7 space, diatonic collections—
the most nearly even set dividing seven into twelve—lie along the center of the mod-12 space. 
 
 
                                               
33 Just as the cubes in Figure 3.39a can be understood as a subset of a 3-dimensional OP-space, Figure 3.39b can be 
understood as a subset of a 7-dimensional OP-space. 
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Figure 3.39. The geometric OP-spaces of  
(a) 3-note chords in diatonic (mod-7) space (after Tymoczko 2011, fig. 7.5.5) and  
(b) 7-note chords in chromatic (mod-12) space. (after Tymoczko 2004, ex. 11). 
 
(a)       (b) 
 
Motion along the center of Figure 3.39b follows a path along the circle of fifths relating these diatonic 
collections. If we conceive of each diatonic collection as a 7-note “chord,” then each step along this path is 
nothing more than a T7 transposition, just as each application of w1 in the mod-7 space is equivalent to t2. As OP-
spaces, these sets are unordered, so these transformations are strictly transpositions. 
If we wish to take order into account, then the mod-12 analogue to the three shapes of triads are the 
seven modes of a diatonic scale. This observation suggests that the transformation group generated by v1 that acts 
on GCLOSE is a triadic analogue to the group generated by s1, the signature transformation. Each of the three 
transformations that we’ve defined on the set of 21 triads (GCLOSE) corresponds to a transformation acting on 
the 84 modes of diatonic scales (Figure 3.40). The operator s1 raises a note in the diatonic collection (e.g. F to F♯) 
turning one diatonic collection into another (e.g. C Ionian into C Lydian), in an analogous manner to how the 
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operator v1 raises a single note in the generic triad to turn into another generic triad (e.g. C024 to A025). Chromatic 
transposition (Tn) of an entire diatonic collection (e.g. C Ionian to C♯ Ionian, the result of T1 transposition) is 
equivalent to generic transposition (tn) of a generic triad (e.g. C024 to D024); likewise, Tn is equivalent to seven 
applications of s1 (s7) and tn is equivalent to three applications of v1 (v3). Diatonic transposition (tn) of an entire 
diatonic collection rotates the notes to produce a different mode (e.g. C Ionian to D dorian, the result of t1 
transposition) in a similar manner to how rotation (rn) of generic triads produces a different triadic inversion 
(e.g. C024 to C025). Likewise, t1 is equivalent to twelve applications of s1 (s12), while r1 is equivalent to seven 
applications of v1 (v7).  
 
Figure 3.40. Comparison of (a) the mod-7 voice-leading transformations  
and (b) the mod-12 signature transformations. 
 
  (a) (b) 
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3.4.5. FILTERED POINT-SYMMETRY 
 
Many scholars have noted the link between signature transformations and a technique developed by Jack 
Douthett (2008) called filtered point-symmetry.34 The beacon-filter systems used in this process involve a number 
of concentric circles; the innermost circle contains equally spaced beacons and the outer circles contain equally 
spaced filters. The beacons from the inner circle shine light outwards, controlled by the arrangement of filters.35 
This construction is used to model different kinds of chord cycles depending on the numbers of beacons and 
filters. To model such a cycle, the inner ring of beacons is rotated clockwise, changing the relationship between 
beacons and filters and affecting which filters the light passes through.  
The particular system that serves as an analogue to the signature transformation is a 7-in-12 system, with 
7 beacons and 12 filters. The beacon-filter system in Figure 3.41a begins in a configuration that represents a C-
Ionian scale—notice the light from the beacons in the inner circle passes through the filters corresponding to a 
C-major collection in the outer circle. By allowing the order of beams to correspond to the order of notes in a 
scale, the system is able to differentiate between the modes of a single diatonic scale. Application of the signature 
transformation s1 corresponds to rotation of the beacons by 1/84 of a rotation. This rotation changes the 
arrangement of beacons and filters so that the resulting configuration represents a C-Lydian scale (Figure 3.41b). 
 
                                               
34 Several other sources discuss the connection between signature transformations and filtered point-symmetry, including 
Hook 2008, Plotkin and Douthett 2013, and Tymoczko 2013. 
 
35 The beams of light follow two rules: “1. If the beam hits a hole on the circumference of the outside circle, the beam travels 
through the hole. 2. If the beam hits the inside wall of the outside circle, the beam moves counterclockwise on the 
circumference of the outside circle and travels through the first hole it encounters.” (Douthett 2008, 78) 
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Figure 3.41. A 7-in-12 beacon-filter system (a) showing a C-Ionian scale and (b) showing a C-Lydian scale. 
(a)      (b) 
 
 
This procedure ultimately relies on the maximally even relationship between the diatonic and chromatic 
systems, and Douthett uses the procedure to model both diatonic and chromatic cycles formed by maximally 
even sets of other cardinalities. In particular, he uses a 3-in-7 beacon-filter system to visualize cycles of diatonic 
triads (Figure 3.42). Although he does not conceive of these configurations in a transformational sense, the 
rotation of the beacons in the 3-in-7 system by 1/21 of a rotation corresponds to application of the v1 
transformation. Just as in the 7-in-12 system, triad inversions can be differentiated by numbering the beacons to 
correspond to each voice. Figure 3.42a illustrates a 3-in-7 beacon-filters system with a configuration that 
represents C024. In Figure 3.42b, the beacons are rotated to represent A025.   
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Figure 3.42. A 3-in-7 filter-beacon system (a) showing a C024 triad and (b) showing an A025 triad. 
(a)      (b) 
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3.5. EXTENSIONS 
 
The group generated by the voice-leading transformation is somewhat limited since it acts only on closed-
position triads and, in four-voice analytical applications, it requires all triads to have the bass doubled. Although 
these may seem like huge drawbacks, they’re similar to the fact that the neo-Riemannian transformations only act 
on major and minor triads—despite the fact that the late nineteenth-century chromatic repertoire that it was 
developed to analyze contains plenty of other types of sonorities. Perhaps this is an opportune time to reiterate 
that the aim of this project is not to produce a new analytical theory with which to analyze tonal harmony, but 
rather, to study ways in which the structure of the triad in mod-7 space facilitates familiar voice-leading patterns. 
The structure of the triad as an (024)7 set class is what allows the w1 transformation to smoothly connect generic 
triads into the circle of thirds and what allows us to conceive of upper-voice voice-leading patterns in terms of a 
change of shape (v1) and/or a transposition (t1), as described in §3.4.3. 
 In the final section of this chapter we propose two extensions to this system. The first (§3.5.1) 
incorporates open-position triads into this transformational system. The second (§3.5.2) generalizes the v group 
by defining a transformational system capable of describing generic chord spacing in any progression—even one 
with open-position triads or non-triadic sonorities. This system combines transformational and geometric 
approaches and generalizes transformations as rotations and reflections within a geometric space. 
 
3.5.1. INCORPORATING OPEN-POSITION TRIADS 
It is possible to expand the voice-leading transformation group by replacing the set GCLOSE with a set containing 
all 42 open- and closed-position generic triads, a set we’ll call GEXPAND (Figure 3.43). This set contains each of 
the seven generic triads with six different spacings: the three closed-position inversions in GCLOSE as well as three 
open-position spacings with no more than a generic sixth between any consecutive pair of voices. As before, each 
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of these spacings corresponds to a PT-equivalence class: [0,2,4]PT7  , [0,2,5] 
PT
7  , [0,3,5]
PT
7  , [0,4,9]
PT
7  , [0,5,9]
PT
7  , 
[0,5,10]PT7   (Fixture 3.44).  
 
Figure 3.43. The set of 42 triads that the expanded group of voice-leading transformations acts on containing the 
generic triads differentiated by open- and closed- position inversion (GEXPAND). 
 
 
 
Figure 3.44. The six open- and closed- position triads shapes represented in GEXPAND 
illustrated on a clef-less staff. 
 
 
Expanding our transformation group to act on this larger set requires us to define a new transformation, 
one that maps closed-position triads to open-position triads and vice versa. We define this transformation x1 to 
reverse the vertical ordering of pitches in the sonority, interchanging thirds with sixths and fifths with fourths 
(Figure 3.45). The transformation x1 is an involution; it always relates [0,2,4]PT7   triads and [0,5,10]
PT
7   triads; 
[0, 2, 5]PT7   triads and [0,4,9]
PT
7   triads; and [0,3,5]
PT
7   triads and [0,5,9]
PT
7  triads.  
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Figure 3.45. The action of x1 on the triad shapes illustrated on a clef-less staff. 
 
Unlike the v1 and w1 transformations, the voice leading that results from application of x1 is not smooth. 
The relationship between any two triads related by x1 involves motion by at least two voices, usually involving 
leaps. Nonetheless, an alternation of thirds and sixths is not uncommon in tonal music. Figure 3.46 shows that 
the x1 transformation can relate the outer chords in a tonic expansion involving a voice exchange.  
 
Figure 3.46. The appearance of the x1 transformation a voice-exchange progression. 
 
The three transformations defined on GCLOSE also act on GEXPAND, although their definitions need to 
be adjusted slightly to include their action on the open-position triads. Just as in GCLOSE, the voice-leading 
transformation v1 relates open-position triads by single-step motion. Since it’s not possible to turn a closed-
position triad into an open-position triad by moving a single voice by step, applying v1 to an open-position triad 
always produces another open-position triad. When applied to open-position triads, the transformation r1 still 
rotates the pitches of the triad, but it does so in a different order (Figure 3.47): applying r1 to closed-position 
triads moves the lowest note to the top (e.g. CEG becomes EGC when C024 is mapped to C025); whereas, applying 
r1 to open-position triads moves the highest note to the bottom (e.g. GEC becomes CGE when C[0,5,10] is mapped 
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to C[0,4,9]).36 This definition preserves the behavior of r1 on traditional triad inversions; in Figure 3.47a, r1 
transforms a root-position chord into a first inversion chord, and in Figure 3.47b, r1 transforms a second-
inversion chord into a root-position chord. The t1 transformations acts as expected, transposing the entire 
sonority by generic step and preserving the triad’s shape.  
 
Figure 3.47. The action of r1 on (a) closed- versus (b) open-position triads. 
(a)                   (b) 
 
As a whole, the space GEXPAND can be represented as a torus with two layers. The inner layer contains 
the closed-position triads and looks identical to the space GCLOSE (Figure 3.32). The outer layer is organized 
similarly but contains the open-position triads (Figure 3.48a). The two layers are connected by the x1 
transformation—this is visible in the cross-section depiction of the two-layered torus (Figure 3.48b). With the 
addition of the x1 transformation, the group structure of the space becomes a product of three cyclic groups: 𝒞7× 𝒞 3× 𝒞 2. As a product of cyclic groups, this group is commutative.  
Since the integers 2, 3, and 7 are all relatively prime, the group structure can also be conceived of as a 
single cyclic group 𝒞 42; however, unlike the interpretation of the voice-leading group on v1 acting as a single cyclic 
                                               
36 The reason that the direction of rotation differs for open- and closed- position triads is so that the properties given in 
§3.4.2 still hold for the open-position definitions.  
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group (𝒞 21), understanding this transformation group as generated by a single transformation is not quite as 
musically intuitive. The generator of this group must involve a transformation that passes between the layers 
using x1 (such as v1x1); any such transformation would not correspond to a parsimonious path through the space.   
 
Figure 3.48. The (a) outer layer and (b) cross-section of the space GEXPAND. 
(The inner layer of this space is shown in Figure 3.32.) 
 
 
(a) 
 
(b) 
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It is also possible to use this group to describe the relationship between two separate progressions. Figure 
3.49 illustrates an open-position version of the progression originally shown in Figure 3.35. The transformation 
network in Figure 3.50 shows that this progression relates to the rotated, closed-position version in Figure 3.37 
by the application of x1. Notice that the transformation preserves the individual motion of each voice, but 
rearranges the relative positions of the upper three voices.  
 
Figure 3.49. A diatonic progression related to Figure 3.37 by x1. 
 
 
In practice, I don’t find the expanded transformation group with x1 to be analytically useful, since many 
of the limitations of the v group remain. I primarily intend this section to illustrate the theoretical possibility of 
extending the transformation group by including other kinds of chords in the set and defining new 
transformations. Furthermore, our definition of the x1 transformation will be useful to relate open- and closed- 
position sonorities as we generalize the approach to incorporate non-triadic sonorities in §3.5.2. 
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Figure 3.50. A transformation network showing the relationship between Figures 3.35, 3.37, 3.49. 
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3.5.2. GEOMETRIC EXTENSIONS 
I believe that the most productive extension of this work involves further study of the voicing, or spacing, of 
chords in a progression. Since geometric theory easily describes non-triadic set classes, in this section we extend 
the transformational system by combining it with geometric techniques.  
 
Figure 3.51. A portion of the 3-voice mod-7 PT-space indicating chord types. 
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Recall that the chord “shapes” of the triads in GCLOSE and GEXPAND are geometric PT-classes. We 
initially presented and constructed the 3-voice mod-7 PT-space using geometric techniques in §2.4.5. In this 
section we are interested only in the subsection of the space shown in Figure 3.51, a portion which divides into 
two large triangles. The location of each point in this space  relates to the span of the corresponding chord shape: 
the triangle to the lower left contains all chord shapes that span less than an octave, and the triangle to the upper 
right contains all chord shapes that both span more than an octave and have less than an octave between the 
lower and upper pairs of voices. Conventional voice-leading guidelines dictate that no adjacent pair of voices 
should be separated by more than an octave, so working in this portion of the space ensures that we satisfy that 
requirement. The interior diagonal (where the two triangles meet) contains all chord shapes that span exactly an 
octave and, consequently, contain octave doublings; the exterior edges of the region contain chord shapes 
containing doubled pitches, with doubled notes in the exact same register.  
The complete open- and closed-position chord shapes of the triads in GCLOSE and GEXPAND 
correspond to the points located at the center of each of these large triangles: [0,2,4]PT7  , [0,2,5]
PT
7  , and [0,3,5]
PT
7   
appear at the center of the lower left triangle, and [0,4,9]PT7  , [0,5,9]
PT
7  , and [0,5,10]
PT
7   appear at the center of the 
upper right triangle. Since the r1 and x1 transformations involve a change of a triad’s shape, this space provides a 
geometric way for us to visualize the action of those transformations: the x1 transformation reflects the triads 
across the diagonal line between the two triangles, while the r1 transformation corresponds to geometric rotation 
of the large triangle by 120°. The direction of this rotation depends on the location of the point to which it is 
applied: applying r1 to closed-position triads rotates them in a counterclockwise direction, while applying r1 to 
open-position triads rotates them in a clockwise direction (Figure 3.52).37 
 
                                               
37 Since the t1 transformation preserves the shape of a chord, it is not useful to generalize it to this space, which assumes 
transpositional equivalence.  
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Figure 3.52. The rʹ1 and xʹ1 transformations applied to PT-classes in the mod-7 PT-space. 
  
Based on these geometric realizations, we can define generalized versions of these two transformations 
rʹ1 and xʹ1 that actually act on PT-classes (chord shapes), instead of the PTOCT-classes in GEXPAND (with shape 
and root). When applied to complete triadic sonorities, these transformations relate to r1 and x1 as follows: if a 
and b are triads in GEXPAND, where a and b are representatives of PT-classes aʹ and bʹ; then if r1(a)=b, then 
rʹ1(aʹ)=bʹ; and, similarly, if x1(a)=b, then xʹ1(aʹ)=bʹ. Essentially, this means that when acting on chord shapes 
(PT-classes), the transformations act similarly as before—for instance, rotating (i.e., applying rʹ1 to) a root-
position shape turns it into a first-inversion shape—but now the transformations are applied to abstract chord 
shapes (PT-classes) rather than specific chords with root and shape. 
Now that we’ve defined rʹ1 and xʹ1 to act on the six PT-classes represented in GEXPAND (Figure 3.44), we 
can extend their definitions to act on a larger variety of PT-classes, including those representing incomplete 
triads and subsets of seventh chords. The actions of rʹ1 and xʹ1 follow from the geometric transformations in 
Figure 3.52. As an example, beginning from PT-class [0, 1, 5]PT7  —a chord shape that can be understood as a 
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three-note subset of a seventh chord (Figure 3.53a)—application of rʹ1 produces [0, 4, 6]PT7   and [0, 2, 3]
PT
7  , which 
can be visualized as rotations by 120° and 240° degrees in Figure 3.53b. Likewise, while application of xʹ1 to 
[0, 1, 5]PT7  produces [0, 3, 9]
PT
7  , a reflection of that point over the diagonal line of the PT-space. Subsequently 
applying rʹ1 to [0, 3, 9]PT7   produces the open-position versions of that shape, [0, 5, 8]
PT
7   and [0, 6, 11]
PT
7  . All of 
these PT-classes correspond to possible subsets of seventh chords; in other words, all are members of [0, 2, 3]OPT7  . 
These abstract transformations can be understood by identifying the chord members in Figure 3.53a: as an 
abstract incomplete seventh chord shape (missing its third), the order of chord members from lowest to highest 
in [0, 1, 5]PT7   is seventh–root–fifth, in [0, 4, 6]
PT
7  is root–fifth–seventh, in [0, 2, 3]
PT
7   is fifth–seventh–root. The 
open-position triads can be understood similarly: [0, 3, 9]PT7   is fifth–root–seventh, [0, 5, 8]
PT
7   is seventh–fifth–
root, and [0, 6, 11]PT7   is root–seventh–fifth.
38 
Although use of the geometric PT-space allows us to incorporate non-triadic and incomplete sonorities 
into the system, we lose information about the specific pitches in each sonority. Recall that the objects 
representing triads in the space GEXPAND are PTOCT-classes, not PT-classes; they provide information about 
spacing and letter-name content. In this geometric generalization, the first-inversion C-major sonority we labeled 
as C025 is reduced to nothing but a closed-position, first-inversion chord shape, [0, 2, 5] PT7  . In a sense, this space 
does not represent voice-leading relationships—it is impossible to tell if voices are moving smoothly under the 
assumption of transpositional equivalence. Nonetheless, based on our observations about the way chord shape 
relates to voice-leading in GEXPAND (for instance, based on the functional harmonic implications of 
transformations of the form v±1t±1 from Figure 3.36), the study of chord shape directly is intertwined with the 
study of voice-leading patterns. 
 
 
                                               
38 Recall that, when applied to open-position chords, r1 (and consequently, rʹ1) moves the highest chord member to the 
bottom instead of the lowest note to the top (see Figure 3.47). 
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Figure 3.53. The chord shapes related to [0, 1, 5]PT7   by rʹ1 and xʹ1; 
(a) in music notation and (b) in the PT-space. 
 
(a) 
 
 
(b) 
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Figure 3.54. A version of the diatonic progression in Figure 3.35 with added seventh chords; 
 (a) in music notation and (b) as a path in the PT-space. 
 
(a) 
 
 
(b) 
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Figure 3.54a shows a variation of the progression from Figure 3.35 with added seventh chords; Figure 
3.54b shows the path of that progression through this PT-space.  Recall that, in comparison with the toroidal 
visualization of GCLOSE, this geometric space is a completely different construction. The torus—a graph-
theoretic representation of the underlying v transformation group—was merely a visual aid in conceptualizing 
those moves in the transformation network; those moves were ultimately governed by the transformations. In 
the geometric approach here, the algebraic constraints have been completely eliminated: the path itself and the 
points through which it travels are the only description of the voice leading. 
Although it would be possible to define the generalized rʹ1 and xʹ1 transformations to act on individual 
chord shapes, we choose instead to define these transformations to act on paths representing the chord spacings 
of an entire progression.39 For any path through the PT-space that does not lie entirely on the space’s center 
diagonal, we can generate six versions of this path by rotation and reflection. Each of these paths represents some 
rearrangement of the upper three voices of the progression. Furthermore, the paths preserve the individual 
motion of each voice (so sevenths will still resolve down and leading tones will still resolve up!).  
The set upon which our generalized transformations act contains these 6 versions of this particular path 
(Figure 3.55), just as earlier sets in this chapter contained the 7 generic triads (GTRIAD), or the 21 closed-position 
triad inversion (GCLOSE). Figures 3.56 and 3.57 illustrate a rotation and reflection of the progression in Figure 
3.54, as well as their corresponding paths through the PT-space.  
These two generalized operators rʹ1 and xʹ1 form a transformation group whose structure is the product 
of two cyclic groups, 𝒞 3 × 𝒞 2. The transformation network in Figure 3.58 shows the relationships between these 
three versions of the progression.  
 
                                               
39 In order to define these transformations to act on individual chords in the space (rather than entire paths), we would have 
to exclude the points lying on the center diagonal between the two triangles from the function’s domain. Points in this 
region can be rotated either clockwise or counterclockwise in the space, so our current definition of rʹ1 is not well-defined on 
all points in this portion of the space. 
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Figure 3.55. The set of six paths that the geometric transformations act on. 
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Figure 3.56. A rotation of the progression in Figure 3.54; 
(a) in music notation and (b) as a path in the PT-space. 
 
 
(a) 
 
 
 
 
(b) 
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Figure 3.57. A reflection of the progression in Figure 3.54; 
 (a) in music notation and (b) as a path in the PT-space. 
 
(a) 
 
(b) 
 
 
 201 
Figure 3.58. A transformation network showing the relationship between Figures 3.54, 3.56, 3.57. 
  202 
CHAPTER 4:  
APPLICATIONS TO CHROMATIC HARMONY 
 
 
 
4.1. INTRODUCTION: VOICE LEADING ON TWO LEVELS 
Until this point, we have assumed that most of the generic voice-leading structures in this dissertation represent 
diatonic progressions. The aim of this chapter is to demonstrate the relevance of these generic voice-leading tools 
to the study of chromatic harmony. We began the introduction with the progressions shown in Figure 4.1. The 
identical networks above each staff in the figure use the generic voice-leading transformations to show that these 
progressions have the same generic voice-leading structure. The networks below the staff indicate scalar 
collections that act as generalized key signatures, filtering accidentals through each generic pitch class in the 
chord. When the entire progression is inflected with a diatonic collection with no accidentals, notated DPC(0), 
the structure produces a familiar I–vi–IV–V64  progression (Figure 4.1a). When each successive sonority is instead 
interpreted using a diatonic collection with an increasing number of flats, the very same generic structure 
produces a highly chromatic progression that divides the octave into equal parts (Figure 4.1b). The claim that 
these progressions share the same generic voice-leading structure relies on the particular spelling of the major 
third cycle—the generic voice-leading structure would be different if, for instance, the F♭ triad were respelled as 
an E triad. 
Any generic voice-leading structure can be interpreted as a chromatic progression by inflecting each 
sonority with a different underlying scale. Like the voice-leading properties relating triads, the voice-leading 
properties of scales can be described using geometric and transformational techniques. In this chapter, I argue 
that the voice leading underlying chromatic harmonic progressions can be understood with respect to two 
concurrent levels of voice-leading relationships: one at the level of the generic structures and another at the level 
of the underlying scale. This chapter combines methods for relating and classifying scales developed by 
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Tymoczko (2004; 2011) and Hook (2008; 2011; forthcoming) with the generic voice-leading techniques 
developed in Chapters 2 and 3.   
 
 
Figure 4.1. The (a) diatonic and (b) chromatic progressions from Figure 0.1 
understood as two inflections of the same generic voice-leading structure.1 
 
                (a)      (b) 
 
                                               
1 As suggested by the annotations in the figure, the assumption of enharmonic equivalence in Figure 4.1b affects both the 
scalar collection and the generic voice-leading structure. The generic C024 triad in DPC(0) is enharmonically equivalent to a 
D024 triad in DPC(–12). Enharmonic equivalence is discussed in §4.3.2 and this particular major-third cycle is described in 
detail in §4.3.6. 
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This chapter begins with a review of spelled heptachords (Hook 2011; forthcoming), a way of conceiving 
of seven-note scales that coordinates with our mod-7 approach to voice-leading. The remainder of §4.2 reviews 
both transformational and geometric approaches to voice-leading between scales.  Section 4.3 combines the 
generic voice-leading transformation group from Chapter 3 with the signature transformation group for scales. 
This chromatic transformation group describes voice-leading relationships between closed-position triads 
belonging to any diatonic collection. This group is able to capture both functional and non-functional harmonic 
relationships, including those traditionally described using the PLR transformations. Since the system does not 
assume enharmonic equivalence, this section also studies the interaction between enharmonic equivalence and 
generic voice leading. In §4.4, we remove the requirement that scales be diatonic and study progressions in the 
minor mode, as well as those involving modal mixture. As more types of scales are introduced, we reach the limit 
of a transformational approach for scales; we begin to incorporate geometric spaces to describe the scalar 
relationships while still using transformations to capture voice leading. Finally, we examine chromatic 
progressions with non-triadic sonorities using geometric techniques to analyze both generic voice leading and 
scalar collections. This section also addresses the relationship between generic voice-leading structures and 
modulation by enharmonic reinterpretation. 
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4.2. TRANSFORMATIONAL AND GEOMETRIC APPROACHES TO VOICE-LEADING BETWEEN SCALES 
 
 
4.2.1. GENERIC (MOD-7) VOICE-LEADING STRUCTURES AND PROPER SPELLED HEPTACHORDS 
In order to inflect generic voice-leading structures with accidentals to create chromatic progressions, we need a 
notion of a scale that provides accidentals for each of the seven letter names, or mod-7 pitch classes. The 
requirements necessary for such a scale are equivalent to Hook’s definition of a “proper spelled heptachord”:  a 
set of the seven letter names, each with specified accidental, that does not contain any enharmonic doublings or 
crossings (2011, 87). These last two conditions indicate that a scale cannot include, for instance, both C♯ and D♭ 
(enharmonic doubling) or both C♯♯ and D♭ (crossing). This definition of a scale also assumes octave equivalence 
since each letter name must be associated with the same accidental in every octave. Due to this octave-repeating 
property, we can visualize any spelled heptachord on a mod-7 pitch-class circle (for example, see Figure 4.3 
below). 
All diatonic collections are examples of spelled heptachords. We label diatonic collections with the 
abbreviation DPC(n), where n indicates the number of sharps (+n) or flats (−n) in the collection. These scalar 
collections can act as a kind of formalized key signature; for instance, in a generic sonority inflected with 
DPC(+2), generic pitch-classes 0 and 3 would be interpreted as C♯ and F♯, respectively, and all other pitch-classes 
would be assumed to be natural. There are an infinite number of diatonic collections since it is possible to 
construct a diatonic collection using any number of sharps or flats; in other words, the index number, n, in 
DPC(n), can take any integer value. Diatonic collections differentiated by their spelling can be visualized as 
contiguous collections of seven pitch-classes along the infinite line of fifths (Figure 4.2). Although this definition 
of a scale does not formally designate a pitch center, the major-mode tonic of each diatonic collection is always 
the second pitch from the left in the ordering on the line of fifths, shown with the grey circle in Figure 4.2. 
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Figure 4.2. Diatonic collections, DPC(n), as transpositions along the line of fifths. 
 
 
Spelled heptachords can also represent non-diatonic collections, as suggested by the Neapolitan minor 
scale shown in Figure 4.3. This scale contains the pitches of a harmonic minor scale with a lowered 2!. Similar to 
the labels for diatonic scales, the spelling of this particular Neapolitan minor scale is identified by an index n in 
the label NMIN(n). Here n corresponds to the sum of accidentals in the collection, calculated as the number of 
sharps minus the number of flats. The Neapolitan minor scale in Figure 4.3 requires three flats, so its index 
number is –3. 
 
Figure 4.3. The Neapolitan minor scale, NMIN(–3). 
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Figure 4.4 shows several common types of spelled heptachords, including the Neapolitan minor scale, 
NMIN(–3), as segments on the line of fifths. This figure shows each of these spelled heptachords at a 
transposition level where the sharpest note in the line-of-fifths ordering is B and the tonic of each scale in its 
conventional major or minor ordering is C. In this arrangement, the index number of each scale also corresponds 
to a voice-leading distance from each C-centered heptachord to the C-diatonic collection measured in 
displacement of semitones. 
 
Figure 4.4. Some common spelled heptachords (after Hook 2011, table 4).2  
 
There are a total of 66 equivalence classes of proper spelled heptachords under the assumption of 
transpositional equivalence, including the 6 types of spelled heptachords shown in the figure. These correspond 
to the 66 T-classes of 7-note pitch-class sets in the mod-12 universe.3 Existing transformational and geometric 
approaches for relating scales described in §4.2.2 and §4.2.3 below treat scales essentially as seven-note chords.4  
                                               
2 The abbreviations for non-diatonic spelled heptachords are as follows: harmonic major (HMAJ), Neapolitan major (NMAJ), 
harmonic minor (HMIN), double harmonic (DHARM), Neapolitan minor (NMIN).  
 
3 A list of all 66 classes of spelled heptachords can be found in the appendix of Hook 2011, 96–97. 
 
4 This is not quite true with regards to spelled heptachords, since they are spelled pitch-class sets, which are constructed from 
FIFTH space, instead of PITCH space. See §4.2.3. 
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Many of these approaches can be understood as analogues to those discussed previously for triads, adapted for 7-
note sets instead of 3-note sets.5  
We can alternatively conceive of these scales by assuming enharmonic equivalence. Under that 
condition, there are only 12 possible spelled heptachords in each equivalence class, identified by the mod-12 
index numbers 0 through 11. We label these scales by adding an “E” in front of the labels in Figure 4.4. For 
instance, the diatonic collection containing five flats or seven sharps is represented by the label EDPC(7).  
 
4.2.2. TRANSFORMATIONAL APPROACHES TO SCALES 
Transformational theory captures smooth voice leading between diatonic collections using the signature 
transformation, s1 (Hook 2008).6 When s1 is applied to any diatonic collection, it produces the diatonic 
collection a fifth above, which always involves motion by a single semitone. For example, application of s1 to a C-
major diatonic collection, DPC(0), produces a G-major diatonic collection, DPC(+1). When applied to an entire 
diatonic collection, s1 appears as a transposition along the line of fifths: application of s1 corresponds to a change 
of collection one unit to the right in Figure 4.2, and application of the inverse (s–1) corresponds to motion one 
unit to the left. If enharmonic equivalence is not assumed, then there are an infinite number of diatonic 
collections possible (DPC(n), where n can take any integer value), and the group structure of signature 
transformations acting on the set DPC(n) is ℤ.  
Formally, the signature transformation s1 maps any note in DPC(n) to the note in DPC(n+1) with the 
same generic pitch-class number. Although applying s1 to an entire diatonic collection appears as a transposition 
one unit to the right on the line of fifths, when applied to individual notes in a diatonic collection, s1 maps each 
                                               
5 For discussion of the similarities between the voice-leading transformation group (for mod-7 triads) and the signature 
transformation group (for mod-12 scales), see §3.4.4. 
 
6 Signature transformations were first introduced in Hook 2008, where they are described as having a cyclic group structure, 𝒞84. Hook forthcoming reworks this definition, specifying that this group structure only applies when signature 
transformations are applied to enharmonic diatonic spaces.  
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note either to itself or up seven units (to the next note with the same generic pitch number in the sharpwise 
direction). For example, when s1 is applied to DPC(0), F♮ is mapped to F♯ (up seven units), and all other notes are 
mapped onto themselves. 
Under the assumption of enharmonic equivalence, the definition of the signature transformation 
remains essentially the same: applying s1 to EDPC(n) produces EDPC(n+1), where each note is mapped to the note 
with the same generic pitch-class number. Since there are only twelve different enharmonic diatonic collections, 
the index number n is an integer modulo 12, and the group structure of signature transformations acting on the 
set EDPC(n) is ℤ12.  
It is possible to define the signature transformation to act on any spelled heptachord, HEPT(n). As with 
the diatonic collections, application of s1 to an entire spelled heptachord corresponds to a transposition of the 
entire collection one unit in the sharpwise direction. Likewise, since there are an infinite number of 
transpositions of any single spelled heptachord, the group structure of signature transformations acting on the set 
HEPT(n) is ℤ.	This generalized definition of s1 is essentially the same: the signature transformation s1 maps any 
note in HEPT(n) to the note in HEPT(n+1) with the same generic pitch-class number. Despite this similar 
definition, when s1 is applied to individual notes in such non-diatonic heptachords, it may result in a mapping 
seven units to the left or to the right along the line of fifths. For instance, when s1 is applied to the NMIN(–3) 
heptachord (on the bottom of Figure 4.4), D♭ is mapped up seven units to the right, to D♮, but B♮ is mapped 
seven units to the left, to B♭. 	
Related to this observation, the generalized version of s1 does not necessarily involve smooth voice 
leading. 7 The set of diatonic collections DPC(n) is unique in that it is the only set of spelled heptachords whose 
elements can be connected by single-step motions, a result of the fact that the diatonic scale is the maximally even 
7-note set within the mod-12 chromatic universe.  
                                               
7 Tymoczko describes a different way of conceiving of this generalized signature transformation as a combination of 
transpositions of chord and scale; see Tymoczko 2013, 134. 
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This generalization of the signature transformation relates scales of the same type to one another—for 
instance, all diatonic collections, DPC(n), or all harmonic minor collections, HMIN(n)—but it does not provide a 
way to map different kinds of scales to one another. In general, transformational theory is useful for mapping 
different members of the same set class to one another, since the equivalence relations relating members of the 
same set class (transposition and inversion) are easily represented by the action of mathematical groups. 
Transformational techniques tend to be less useful to map many different kinds of objects to each other. There’s 
no intuitive way to map the 66 spelled heptachords to one another that highlights voice-leading relationships. 
Nonetheless, transformational extensions are possible. One useful way to extend the signature transformation 
group is to define a new transformation, p1, that maps a major diatonic collection to its parallel harmonic minor. 
Formally, p1 maps any note in DPC(n) to the note with the same generic pitch-class number in HMIN(n–2). The 
p1 transformation is an involution, so applying it to a note in HMIN(n) maps that note to one in DPC(n+2). The 
structure of this expanded transformation group, combining p1 with the signature transformation group, is ℤ×ℤ 2. This group will be useful when discussing the minor mode in §4.4. 
 
4.2.3. GEOMETRIC APPROACHES TO SCALES 
Voice-leading relationships between different kinds of set classes can more adeptly be captured with geometric 
theory. Dmitri Tymoczko (2004, 2011) has presented the geometric voice-leading space of scales shown in 
Figure 4.5, which can be understood as a mod-12 OP-space of 7-voice chords. The complete space is a 7-
dimensional analogue to the 3-note space in Figure 2.39. Figure 4.5 shows only a portion of the space along the 
central axis which contains a chain of diatonic collections, the most even 7-note collection in a 12-note universe.8 
As shown previously in Figure 3.39, this chain is analogous to the chain of third-related triads at the center of the 
3-voice, mod-7 space in Figure 2.39.  
                                               
8 This “generalized circle of fifths” was discussed in more detail in Chapter 2; see §2.3.3.  
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This space provides another way to visualize the voice-leading relationships of the signature 
transformations. Beginning from any diatonic collection, application of the signature transformation 
corresponds to motion along the dotted edges in the figure, which connect diatonic collections by single-
semitone voice leading. Each diatonic collection, EDPC(n), is connected by an edge to two other diatonic 
collections: EDPC(n+1) and EDPC(n–1). Notice that the diatonic collection is the only type of scale that is 
connected by a single edge to a collection of the same type.  
The trajectory of the path representing the “generalized” signature transformation depends upon the 
type of scale to which the transformation is applied; however, such paths always require at least three semitones 
of motion. For example, the path connecting melodic minor collections (EMMIN(1) ➝ EMMIN(2) ➝ EMMIN(3) 
➝…) always crosses the diagonal of a three-dimensional cube, traversing three edges with each application. 
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Figure 4.5. A portion of the mod-12 voice leading OP-space of 7-note scales (after Tymoczko 2004, ex. 11).9 
 
Tymoczko’s depiction of this continuous space as a chain of three-dimensional cubes is slightly 
misleading, because it makes it appear as if only three notes in each scale can be altered; for instance, from 
EDPC(0) (at the bottom of the figure), motion along the three axes upwards corresponds to raising the notes F, G, 
and C. (If the figure continued below this portion, these three axes would also continue in the negative direction, 
representing the lowering of those same three pitch-classes.) From any point in the space, we should be able to 
move in either the positive or negative direction along, not three, but seven different axes in a seven-dimensional 
                                               
9 The scalar collections in the figure are labeled as spelled heptachords with enharmonic equivalence, but this is slightly 
incorrect if the figure is interpreted as an OP-space. See the discussion below regarding pitch-class sets constructed from the 
space PITCH versus FIFTH.   
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space. Figure 4.6 shows a graph-theoretic depiction of the neighborhood around EDPC(0) in the complete OP-
space. The fourteen edges stemming from the vertex labeled EDPC(0) correspond to raising or lowering each note 
of the scale by half step under the assumption of enharmonic equivalence. With this interpretation, the four 
vertices without labels represent points in the 7-voice OP-space that contain doublings. 
Perhaps more relevant to our mod-7 approach, however, we can interpret the vertices in Figure 4.6 to 
represent spelled heptachords, which are a fundamentally different kind of object than the 7-note set classes 
represented in the mod-12 OP-space. Formally, the points in the mod-12 OP-space (Figure 4.5) are pitch tuples 
with octave and permutational equivalence. Since they are constructed from the space PITCH, these sets 
automatically assume enharmonic equivalence, and there’s no direct way to relate them to our mod-7 generic 
voice-leading structures. In contrast, spelled heptachords are spelled pitch-class sets, whose elements are 
constructed from pitches on the line of fifths (FIFTH). Each axis in Figure 4.6 can be understood as representing a 
different generic pitch class. Motion in the positive direction along each axis represents the addition of a sharp, 
while motion in the negative direction adds a flat. Since motion along each axis in this space represents the 
addition of a discrete accidental, the space is fundamentally discrete.10 When understood as spelled heptachords, 
the unlabeled vertices represent spelled heptachords that are not “proper” because they contain enharmonic 
doublings.  
 
                                               
10 This differentiation between discrete and continuous spaces is essentially the same argument as in Chapter 2; see §2.2. 
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Figure 4.6. The voice-leading neighborhood of proper spelled heptachords around DPC(0).  
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Each external vertex in the figure could be expanded with up to fourteen edges to construct an infinite 
graph of all proper spelled heptachords. Since the graph has infinitely many vertices, we depict only subgraphs of 
the larger voice-leading structure. Figure 4.7 shows all the scales formed by swapping E♮, A♮, and D♮ with E♭, A♭, 
and D♭ in a DPC(0) collection. 
Just as with our geometric spaces of triads, paths through these scale spaces represent scalar collections 
related by smooth voice leading. Unlike transformational approaches, discrete geometric methods can be used to 
relate any types of scales, even those containing doublings or scales of different cardinalities.   
 
 
Figure 4.7. An expansion of the voice-leading neighborhood of DPC(0) containing E♭, A♭, and D♭.11 
 
                                               
11 Most of the abbreviations for spelled heptachords can be found in footnote 2; SWT represents a “super-whole-tone” 
heptachord, which contains an entire whole-tone scale with one additional note. 
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4.3. HARMONIC PROGRESSIONS INVOLVING DIATONIC COLLECTIONS 
 
 
These geometric and transformational approaches for relating parsimonious scalar collections work in tandem 
with methods that capture generic voice leading. In this section, we combine the generic voice-leading 
transformation group from §3.4 with the signature transformation group. The resulting transformational system 
describes relationships between chords belonging to multiple diatonic collections in both functional and non-
functional harmonic progressions. 
Figure 4.8a shows a generic structure that becomes a common I–vi–ii–V–I progression when inflected 
with a diatonic collection with no accidentals. The network above the staff uses the generic voice-leading 
transformations from Chapter 3 to analyze the underlying generic structure. Figure 4.8b presents a visual 
representation of this voice-leading structure using the toroidal tile. Notice that the voice-leading relationships 
represented in moves #2 and #3 can be described equivalently as either v2 or v–1t1, and can be represented as a 
diagonal move to the upper right on the toroidal tile.12 The v2/v–1t1 transformation corresponds to root motion 
by descending fifth, which allows this generic structure to be meaningfully interpreted using a variety of different 
diatonic collections, including the two shown in Figure 4.8c. 
                                               
12  These are examples of the types of moves described in §3.4.3 and illustrated with purple arrows in Figure 3.36. 
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Figure 4.8. (a) A generic voice-leading structure; (b) the path of the structure on the torus;  
and (c) two inflections of this generic structure. 
 
(a) 
 
(b) 
 
(c) 
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4.3.1. THE CHROMATIC VOICE-LEADING TRANSFORMATION GROUP 
 
In this section, we expand the transformational system from Chapter 3 to capture voice-leading relationships in 
progressions containing both diatonic and chromatic elements. We begin by defining a set of objects CCLOSE 
that represent closed-position triads interpreted in any diatonic collection. Each triad in CCLOSE is represented 
by an ordered pair of the form (Zy, DPC(n)), where Zy is one of the generic triad labels from Chapter 3 (see Figure 
3.29), and DPC(n) is a diatonic collection. Since there are an infinite number of diatonic collections, this set 
contains an infinite number of triads.  
Figure 4.9 attempts to visually represent this infinite set of triads. The figure shows 21 closed-position 
triads belonging to a single diatonic collection, DPC(n). The complete set of triads would contain 21 elements for 
each integer value of n. We can understand each element in this figure as representing an entire equivalence class 
of triads containing the same inversion of generic triad interpreted in the infinite number of diatonic collections.  
 
Figure 4.9. The infinite set of triads that the chromatic voice-leading group acts on (CCLOSE), 
containing triads differentiated by their closed-position inversion and diatonic collection. The complete set of 
triads would contain infinitely many copies of the elements shown here, where n can take any integer value. 
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Transformations between elements in CCLOSE represent a change of the generic structure and/or the 
diatonic collection inflecting the structure. Thus, transformations in the chromatic voice-leading group acting on 
CCLOSE take the form (va, sb), where va indicates a applications of the voice-leading transformation and sb 
indicates b applications of the signature transformation. The algebraic structure of this transformation group is 
the product of the cyclic group of order 21 with the infinite cyclic group: 𝒞21×	𝒞∞.13 
 Figure 4.10 shows a simple illustration of these transformations. The three transformations shown each 
produce a different triad when applied to F024: (v1, s0) changes only the generic voice-leading structure, 
transforming a root-position F triad to a first-inversion D triad, both in a 0-sharp diatonic collection; (v0, s1) 
changes only the underlying diatonic collection, transforming the quality of the F triad as the scalar collection 
changes from a 0-sharp diatonic collection to a 1-sharp diatonic collection; and (v1, s1) changes both components, 
producing a first-inversion D triad in a 1-sharp diatonic context.  
 
 
                                               
13 Douthett’s 3-in-7-in-12 beacon-filter system (2008, 99) is essentially equivalent to this transformational system. Douthett 
only uses the system to discuss cycles, which relate to our discussion of binary chains of PLR transformations in §4.3.4.  
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Figure 4.10. A simple example of chord labeling and transformations 
in the chromatic voice-leading transformation group. 
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Figure 4.11 analyzes the three progressions in Figure 4.8 using the chromatic voice-leading 
transformations. The network in Figure 4.11a interprets the generic structure (Figure 4.8a) in a C-major diatonic 
collection, DPC(0). Figure 4.11b shows how the generic D chord can serve as a secondary dominant when 
inflected with a 1-sharp diatonic collection, DPC(+1). If the A triad is inflected with DPC(0), then the motion 
from vi to V/V requires both a change in the generic structure of the triad through application of v2 (A035 to 
D025), and a change in the underlying scale from DPC(0) to DPC(+1) through application of s1. In the network 
shown in Figure 4.11b, the transformation (v2, s1) is broken into two steps to demonstrate the components of the 
pivot-like transition enabled by the A-minor triad. In the set CCLOSE, the second-inversion A-minor triad can be 
represented by three different elements: (A035, DPC(0)), (A035, DPC(+1)), or (A035, DPC(–1)). These labels capture 
the A-minor triad in either the 0-sharp diatonic collection (vi in C major), the 1-sharp diatonic collection (ii in 
G major), or the 1-flat diatonic collection (iii in F major).14 In Figure 4.11b, the transformation (v0, s1) serves to 
pivot between the A-minor triad as vi in C major to ii in G major. Likewise, the appearance of (v0, s–1) to describe 
the G-major triad shows that the triad exists in two diatonic collections, DPC(0) and DPC(+1). 
 
Figure 4.11. Analyses of the progressions from Figure 4.8 using  
the chromatic voice-leading transformation group. 
 
(a) 
 
                                               
14 It’s worth noting that nothing about the system designates a pitch center. In this chapter our use of DPC(n) in the context 
of functional progressions usually corresponds to the major mode. 
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(b) 
 
 
(c) 
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To more precisely capture the relationship between generic and chromatic triads, we can define a 
function 𝜑 that maps each element of CCLOSE to a triad in the set CTRIAD, which contains all major, minor, and 
diminished triads with any root. Enharmonic equivalence is not assumed, so CM and B♯M are distinct elements 
in CTRIAD.  As shown in Figure 4.12, applying 𝜑 to (A035, DPC(0)), (A035, DPC(+1)), or (A035, DPC(–1)) produces 
an A minor triad. Application of 𝜑 to any other element in CCLOSE with the form (A035, DPC(n)) produces a 
generic A triad with a different root and/or quality.  
 
 
Figure 4.12. Examples of 𝜑 mapping from CCLOSE to CTRIAD.  
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Figure 4.11c illustrates another inflection of the same generic voice-leading structure. This example 
shows how the chromatic voice-leading group is able to represent very chromatic relationships (the chromatic 
third relation from C major to A major) as well as functional relationships (the chain of dominants in the latter 
portion of this progression). The corresponding network shows that the A-major triad may be initially heard as 
foreign to C major, interpreted in a 3-sharp collection (A035, DPC(+3)), but is retrospectively understood to be 
acting functionally in D major as (A035, DPC(+2)).  
 In a network of chromatic voice-leading transformations, the signature transformation component of 
each transformation conveys the type of harmonic relationships in effect: s0 indicates a strictly diatonic 
relationship, s±1 suggests a functional harmonic relationship involving closely related diatonic collections, and a 
transformation sn with |n|>1 indicates chromatic (potentially non-functional) relationships involving distantly 
related diatonic collections. 
 
4.3.2. ENHARMONICALLY EQUIVALENT DIATONIC PROGRESSIONS 
Since the set CCLOSE contains triads belonging to diatonic collections involving any number of sharps and flats, 
the chromatic voice-leading transformation group can show relationships between enharmonically equivalent 
progressions. Diatonic collections that are enharmonically equivalent are related by applications of s12. For 
example, applying s12 to the key of D♭ major, DPC(−5), produces the enharmonically equivalent major key, C♯ 
major, DPC(+7). Although applications of the signature transformations change the underlying scale, they never 
alter the generic voice-leading structure. In order to produce an enharmonically equivalent progression, the 
generic structure must be transposed down a generic step (t−1) in conjunction with application of s12. Thus, as 
shown in Figure 4.13a, the transformation (t−1, s12), or its inverse (t1, s–12), maps a progression to its enharmonic 
equivalent.  
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 We could also show that the two progressions in Figure 4.13 are enharmonically equivalent based on the 
placement of the triads within the intervallic pattern of each diatonic collection.15 We can alter the elements of 
CCLOSE so that the root of the generic triad is indicated with a moveable-do solfège syllable instead of a letter 
name. Figure 4.13b shows the corresponding transformation network, which demonstrates how the two 
progressions in Figure 4.13a follow the same harmonic progression within the context of each diatonic 
collection. 
 
 
                                               
15 The concept of diatonic position and the use of moveable-do solfège for this purpose was introduced in Lam 2019. Hook 
forthcoming also uses diatonic position in conjunction with enharmonic pitch spaces. 
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Figure 4.13. (a) A progression in D♭ major and its enharmonic equivalent 
in C♯ major produced by application of (t−1, s12) to the entire progression. 
(b) A network for the progressions using solfège to indicate the 
diatonic position of each triad within the diatonic collection. 
 
(a) 
 
(b) 
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4.3.3. THE PLR TRANSFORMATIONS 
In Figure 4.11c, the chromatic third relation between C major and A major could alternatively have been 
described as an RP transformation. The chromatic voice-leading transformations can be used to capture similar 
triadic relationships as the PLR transformations, but the two transformation groups act on notably different sets. 
The PLR transformations act on the set TRIAD, which contains the 24 major and minor triads and assumes 
enharmonic equivalence. In contrast, the chromatic voice-leading transformations act on the set CCLOSE, which 
contains an infinite number of triads. Unlike the elements in TRIAD, the elements in CCLOSE are differentiated 
by their closed-position inversion (024, 025, and 035) and diatonic context. The set CCLOSE does not assume 
enharmonic equivalence. Another difference between TRIAD and CCLOSE is that TRIAD contains only major and 
minor triads, while CCLOSE contains elements that represent major, minor, and diminished triads. When 
applying these transformations in non-functional contexts, we label each triad as if it is the tonic of a major or 
natural minor scale. For instance, in the analysis in Figure 4.11c, the A-major triad was initially understood as a 
tonic of a 3-sharp collection, DPC(+3), before it was retrospectively recognized as acting functionally as a 
dominant of the following D-major chord.  
Despite these differences, the chromatic voice-leading transformations can be used to capture the same 
kinds of relationships as the PLR transformations. Since chromatic voice-leading transformations are not 
involutions, each of P, L, and R is represented by a chromatic voice-leading transformation and its inverse, 
depending on whether the transformation is applied to a major or minor triad (Figure 4.14).  If 𝜑 maps 
(Zy, DPC(n)) to a major triad, then P is (v0, s–3), L is (v–1, s1), and R is (v1, s0). Likewise, if 𝜑 maps (Zy, DPC(n)) to a 
minor triad, then P is (v0, s3), L is (v1, s–1), and R is (v–1, s0).  
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Figure 4.14. Chromatic voice-leading transformations with the same action as P, L, and R. 
(a)  
Parallel  
 
(b) 
Leittonweschel 
 
(c) 
Relative 
 
 
Since the elements of CCLOSE are differentiated by inversion, the chromatic voice-leading 
transformations are able to capture voice-leading relationships more precisely than the PLR transformations. For 
instance, applying (v–1, s1)—the equivalent to L—to a C-major triad, (C024, DPC(0)), produces an E-minor triad 
specifically in the closed-position, second-inversion shape, (E035, DPC(+1)). 
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4.3.4. BINARY CHAINS OF THE PLR TRANSFORMATIONS 
Chromatic voice-leading transformations allow us to conceive of binary chains of the PLR transformations as 
two concurrent patterns: a mod-7 pattern of generic voice-leading structures and mod-12 pattern of diatonic 
collections.16  Figure 4.15 illustrates a PL chain beginning on a C-major triad, (C024, DPC(0)), and ending on a 
D♭♭-major triad, (D024, DPC(–12)) . Since the pattern begins on a major triad, the PL chain is formed by 
alternating (v0, s–3) and (v1, s–1); if the chain began on a minor triad instead, the PL chain would be formed by 
alternating the inverses of those two transformations. The first component of those transformations shows that 
the underlying generic voice-leading structure of this chain follows a regular pattern, alternating between v0 and 
v1 and cycling through the three closed-position triad inversions after every six chords. The simultaneous pattern 
of diatonic collections alternates between adding three flats (s–3) and adding one (s–1). The pattern of diatonic 
collections notably arrives at DPC(–12)—the enharmonic equivalent to DPC(0)—at the same time that the 
generic structure returns to the closed position shape (024). 
Examining the PL chain on the voice-leading torus provides us with a way to visualize this enharmonic 
seam. The complete cycle involves three applications of v1, beginning on C024 and ending one unit to the right in 
Figure 4.15b, on D024, resulting in a composite transformation of (v3, s–12). Returning back to the generic C024 
triad requires a t–1 transformation; this is facilitated by the enharmonic reinterpretation shown in orange in the 
figure. 
 
                                               
16 Cohn 1997 (33–42) studies the properties of binary and ternary chains of PLR transformations under the assumption of 
enharmonic equivalence.   
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Figure 4.15. A PL chain analyzed with the chromatic voice-leading transformations. 
(a) 
 
(b) 
 
When starting on a major triad, the PR chain (Figure 4.16) is formed by alternation of (v0, s–3) and 
(v₋1, s0). The resulting generic voice-leading structure is similar to that of the PL chain, the only difference being 
that it involves single-step motion by descending step, a consequence of the v–1 transformation. In contrast to the 
PL chain, the pattern of diatonic collections in the PR chain alternates between preserving the accidentals (s0) 
and adding three flats (s–3) so DPC(–12), the enharmonic equivalent diatonic collection to DPC(0), arrives after a 
cycle of eight triads—notably misaligned with the generic voice-leading pattern. Consequently, when the D♭♭ 
major triad is enharmonically reinterpreted as C major, the triad is not in the same inversion that it began on. 
The progression begins on a generic C024 triad and ends on a generic C035 triad after enharmonic reinterpretation. 
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The voice-leading torus provides another way to visualize the difference in triad inversion at the PR 
chain’s enharmonic seam. The entire cycle involves four applications of v–1, (moves #2, #4, #6, and #8) moving 
upwards and to the left in the figure. The cycle ends on D035 after the composite transformation (v4, s–12); 
enharmonic reinterpretation results in another leftward move in the figure to C035.  
 
Figure 4.16. A PR chain analyzed with the chromatic voice-leading transformations. 
(a) 
 
(b) 
 
 
Finally, the RL chain (Figure 4.17) beginning on a major triad involves alternation of (v1, s0) and (v1, s–1). 
Since the first component of each of these elements is v1, the generic voice-leading structure of the sequence 
involves single-step ascending motion between every chord. The cycle of diatonic collections progresses more 
slowly than the other binary chains, adding a single flat on every other triad. As a result, the pattern cycles 
through 24 triads in its progression from DPC(0) to its enharmonic equivalent, DPC(–12). Since the generic 
  232 
voice-leading pattern repeats every three chords, the voice-leading pattern coincides with the pattern of diatonic 
collections, and the D♭♭-major triad arrives in the 024 inversion.17 On the toroidal tile, the generic pattern of 
voice leading passes through all 21 triads on the torus, ending three triads past its starting point. As with the 
other cycles, enharmonic reinterpretation of the D♭♭ major triad results in a t–1 shift in the generic structure and, 
like the PL chain, this enharmonic shift allows the pattern to end on the same generic C024 triad where it began. 
 
Figure 4.17. A RL chain analyzed using the chromatic voice-leading transformations. 
(a) 
 
(b) 
                                               
17 Although the transformational system is not able to differentiate between triads in different registers, the fact that the 
progression cycles through all 21 triads on the torus means that the ending triad will be an octave higher in generic pitch 
space (see Figure 4.17a).  
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4.3.5. TERNARY CHAINS OF THE PLR TRANSFORMATIONS 
In contrast to the three binary chains of PLR transformations, the ternary generator PLR (or RLP) does not 
require enharmonic reinterpretation to return to the original starting triad after two iterations. On the mod-12 
tonnetz such progressions take the form of a loop, enclosing a single pitch class by passing through all six triads 
that contain it (Figure 4.18).18 The reason that this progression does not require enharmonic reinterpretation 
can be understood using the chromatic voice-leading transformations (Figure 4.19a). A PLR cycle applied to a 
major triad requires application of (v0, s–3), (v1, s–1), and (v1, s0). At this point halfway around the loop, the mode 
of the triad has been reversed, so the remaining portion of the complete loop requires application of those 
transformations’ inverses, (v0, s3), (v–1, s1), and (v–1, s0).  
 
Figure 4.18. A PLR-PLR loop on the mod-12 tonnetz. 
                                               
18 For Cohn’s discussion of ternary generators, see Cohn 1997, 42–46.  
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Since the two halves of the loop involve transformations that are inverses of each other, both the generic 
voice-leading structure and the sequence of diatonic collections reverse direction and return to their starting 
point. This can be seen from the path on the generic torus (Figure 4.19b) as well: instead of looping around the 
generic and requiring enharmonic reinterpretation (like all of the binary chains), the path on the torus reverses 
direction halfway through the loop. 
 
 
Figure 4.19. A PLR-PLR loop analyzed with the chromatic voice-leading transformations. 
 
(a) 
 
(b) 
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4.3.6. EQUAL DIVISION OF THE OCTAVE 
Like the binary chains of PLR transformations, progressions that equally divide the octave into major or minor 
thirds are usually notated in such a way that assumes enharmonic equivalence at some point in the progression. 
Both major and minor third cycles can be understood with the same rationale: the need to divide both the mod-7 
generic space of triads and the mod-12 chromatic space of diatonic collections into equal parts. Since 12 is 
divisible by the integers 3 and 4, this division is simple with regards to the diatonic collections—each of the three 
steps of the major third cycle changes the diatonic collection by four sharps or flats, and each of the four steps of 
the minor third cycle changes the diatonic collection by three sharps or flats. Division of the generic voice-leading 
structure into three or four equal parts is more problematic. The most even division of the seven pitch-classes 
into either three or four equal parts involves generic thirds, either C–A–F–D or C–A–F–D–B, but both of these 
progressions overshoot or undershoot the octave by a single generic pitch class. This unequal division of the 
generic structure dictates the sharpwise or flatwise direction of the diatonic collection: the major third cycle ends 
on a generic D, so its diatonic collections move in the flatwise direction (Figure 4.20); the minor third cycle ends 
on a generic B, so its diatonic collections move in the sharpwise direction (Figure 4.21). 
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Figure 4.20. A major third cycle analyzed with the chromatic-voice-leading transformations. 
 
(a) 
 
(b) 
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Figure 4.21. A minor third cycle analyzed with the chromatic voice-leading transformations. 
 
(a) 
 
(b) 
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The inability to divide generic space into three equal segments serves as the impetus for Richard Cohn’s 
1996 article, notably the first place where the phrase “neo-Riemannian theory” appears in print. The motivating 
example in the article presents five different spellings of a major third cycle, shown in Figure 4.22 (transposed 
here to C major). As Cohn describes, this example illustrates how such an equal division cannot be notated in a 
way that preserves both the local root motion in thirds and the boundary interval of an octave. The progressions 
in Figures 4.22a, 4.22b, and 4.22c preserve the boundary—they each begin and end on generic C024 triads—but 
each involves one division of a generic fourth. The remaining examples, Figure 4.22d and 4.22e, contain only 
divisions by third, but one begins on a B024 triad and the other ends on a D024 triad. 
Although all five progressions in Figure 4.22 are enharmonically equivalent, each has a different generic 
voice-leading structure; the chromatic voice-leading transformations and the generic voice-leading torus provide 
a precise way to differentiate the notations. The progressions differ based on two factors: first, whether they 
assume enharmonic equivalence, and second, where they assume enharmonic equivalence. The three progressions 
that preserve the boundary must assume enharmonic equivalence at one of the three steps of the progression: (c) 
assumes equivalence after the first chord, (b) assumes equivalence after the second chord, and (a) assumes 
enharmonic equivalence after the third chord (see (t–1, s12) in the network). The remaining progressions begin or 
end one generic step away from the octave: (d) ends one step too high and (e) begins one step too low. 
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Figure 4.22. Five notations for an equal division (Cohn 1996, Ex. 1, transposed to C major). 
(a) 
 
(b) 
 
(c) 
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(d) 
 
(e) 
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 4.4. HARMONIC PROGRESSIONS INVOLVING NON-DIATONIC SCALES 
 
Analytical uses of the chromatic voice-leading transformation group begin to break down in one of two ways: 
first, when underlying scalar collections involve multiple types of spelled heptachords; and second, when the 
generic voice-leading structures involve non-triadic sonorities such as subsets of seventh chords or incomplete 
triads. At both the levels of the generic voice leading and scalar voice leading, geometric approaches can replace 
transformational techniques.  
 
4.4.1. NON-DIATONIC SCALES WITH TRIADIC SONORITIES 
At this point in the chapter, all of the functional progressions that we’ve studied have been in the major mode. 
Harmonic progressions in the minor mode require use of the harmonic minor spelled heptachord, HMIN(n).19 At 
the risk of introducing stylistic voice-leading errors, any major-mode progression can be converted into a minor-
mode progression by applying the p1 transformation (introduced in §4.2.2), which replaces a diatonic scale, 
DPC(n) (assumed to be in the major mode) with its parallel minor harmonic minor, HMIN(n–2). Applying p1 to 
the major-mode interpretation of the generic structure in Figure 4.8a would create a problematic augmented 
second, so Figure 4.23 uses a slightly different generic voice-leading structure which exchanges G024 for G035. As 
shown in Figure 4.23, application of p1 to the entire C-major progression produces a version in C harmonic 
minor.  
 The p1 transformation can also be used within a progression to analyze modal mixture by replacing the 
second component of the chromatic transformations with an element of the transformation group that combines 
the signature transformation group with p1. The progression and network in Figure 4.24 shows two ways of 
switching between the diatonic and harmonic minor collections: since the A♭ triad is foreign to C major, move 
                                               
19 There certainly exist some harmonic idioms that would require the use of other types of minor scales.  
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#1 requires a direct switch between scales; in contrast, since the G major triad belongs in both collections, the 
transformation (v0, p1) acts as a pivot, just as (v0, s–1) acted as a pivot between diatonic collections in Figures 4.11b 
and 4.11c.20  
 
Figure 4.23. A variant of the generic structure in Figure 4.8 inflected with DPC(0) 
and with p1 applied to transform it to C harmonic minor, HMIN(–2). 
 
                                               
20 The p1 transformation captures what Aldwell and Schachter (2003, 541) call simple mixture, “borrowing an element from 
the parallel mode.” When applied to a major key secondary mixture (“altering the quality of a triad without using scale 
degrees from the parallel mode”) usually involves the use of a scale with more spelled pitch-classes in the sharpwise direction, 
and double mixture (“applying secondary mixture to a triad achieved through simple mixture”) requires scales in the flatwise 
direction. 
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Figure 4.24. The generic structure in Figure 4.23 inflected with 
DIA(0) and HMIN(–2) to produce a progression with modal mixture. 
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Figure 4.25. The generic structure in Figure 4.23 inflected with 
several different spelled heptachords to produce a chromatic progression with a Neapolitan. 
 
(a) 
 
 
(b) 
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Many types of chromaticism require other combinations of accidentals that do not belong to a single 
diatonic or harmonic minor collection. The Neapolitan chord in Figure 4.25 can be understood as an inflection 
of the generic D025 sonority using the Neapolitan minor collection, NMIN(–3).  The use of multiple classes of 
spelled heptachords is problematic with regards to the transformational system: as described in §4.2.2, there is no 
straightforward way to define a transformational system between many different types of spelled heptachords. At 
this point we’ve begun to reach the limits of the transformational approach for describing relationships. In the 
“transformation” network, the ☐ symbol represents scalar relationships that require geometric analysis. Figure 
4.25b illustrates the voice leading between scalar collections using the scalar network from Figure 4.7. Since the 
upper voices of the progression still form complete generic triads, the voice leading structure can still be described 
using the generic voice-leading transformations. 
 
 
4.4.2. NON-DIATONIC SCALES WITH NON-TRIADIC SONORITIES 
Figure 4.26 presents a generic voice-leading structure containing a single non-triadic sonority. The 
transformation network in the figure interprets the structure using a single diatonic collection, DPC(0); in this 
context, the third chord acts functionally as a IV 65 . Since the upper voices no longer form a closed-position triad, 
that chord cannot be represented by an element of CTRIAD. Instead, we adopt a similar labeling system of the 
form [OP normal form PT normal form, HEPT(n)], which doesn’t fit within our transpositional system, but allows for 
comparison with the triads in CCLOSE. 
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Figure 4.26. A generic voice-leading structure containing a non-triadic upper-voice sonority.  
 
Since the voice-leading structure can no longer be analyzed using the chromatic transformations, the ☐ 
symbol in the first component of the “transformations” indicates the moves that require a geometric analysis. 
Figure 4.27 analyzes the generic voice-leading structure using the 3-voice mod-7 OP- and PT-spaces. In the OP-
space (Figure 4.27a), the non-triadic sonority represents the only deviation of the path from the central chain of 
cubes. Move #2 begins from [FAC] OP7   (at the bottom of the figure) and passes through the false boundary at the 
point [ACE] OP7   as the tenor moves from F to E. From there, it moves in a path that corresponds to holding the C 
and E common tones as the alto passes stepwise from A to G to F, through the points [ACE] OP7  , [CEG] 
OP
7  , and 
[CEF] OP7  at the top of the figure. Moves #3 and #4 alternate between the C and G triads for the cadential six-four 
gesture. 
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In the PT-space (Figure 4.27b), the path similarly revolves around the central triangle of closed-position 
triads; the clockwise direction of moves #1 and #5 represent the descending fifths of the v2 transformation.21 In 
contrast to the OP-space, the PT-space immediately reveals that the [0, 1, 5] PT7   normal form is a 3-note subset of 
a seventh chord since it lands on one of the darker grey interior points (see Figure 2.51 and corresponding 
discussion in §2.4.5).   The PT-space also shows that that shape is just a single step (move #3) away from the 
[0, 2, 5] PT7   shape that begins and ends the progression. The entire path stays comfortably in the lower left triangle 
of the figure, showing that the span of the upper voices never widens past a sixth.  
 
                                               
21 Since all the chords have a span smaller than an octave, one can imagine the path in the PT-space (Figure 4.27b) as a 
“bird’s-eye” view of the path in the OP-space (Figure 4.27a), as if looking from the top of the prism downwards. The 
deviation from the central triangle of the PT-space (to [0, 1, 5] PT7  ) corresponds to the point [CEF] 
OP
7   in the OP-space. 
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Figure 4.27. Two geometric analyses of the generic structure in Figure 4.26 
(a) using the mod-7 OP-space (Figure 2.39) and (b) using the mod-7 PT-space (Figure 2.51). 
 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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Figure 4.28. The generic structure from Figure 4.26 
inflected with DPC(+1) to form a leading-tone seventh chord. 
 
 
Figure 4.28 uses the same voice-leading structure from Figure 4.26 but interprets it with two different 
diatonic collections. When inflected with DPC(+1), the IV 65  is transformed into a vii
ø6
5 /V. Since the scalar 
collections belong to the same class of spelled heptachords, DPC(n), the scalar component of the progression can 
still be analyzed using the signature transformations. In this analysis, the cadential six-four chord belongs to both 
diatonic collections, so it acts as a pivot between the two collections, as indicated by the (v0, s–1) transformation. 
Since generic structure remains unchanged from that in Figure 4.26, the geometric analyses in Figure 4.27 still 
describe the generic voice leading of this progression. 
Figure 4.29 shows yet another inflection of this same generic structure using a non-diatonic collection, 
DHARM(–1), which turns the third sonority into a German augmented-sixth chord. This is the first progression 
where neither the generic voice-leading structures nor the scalar collections can be analyzed using 
transformations. The voice-leading relationships of the three spelled heptachords that we’ve used to inflect this 
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progression—DPC(0), DPC(+1), and DHARM(+1)—can be analyzed using a small region of the voice-leading 
space of spelled heptachords, as shown in Figure 4.30. This scalar space shows that those scalar collections differ 
by no more than three accidentals, represented by edges in the discrete graph.  
 
Figure 4.29. The generic structure from Figure 4.26 inflected with DHARM(–1)  
to form a German augmented-sixth chord. 
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Figure 4.30. Geometric analysis of the scalar collections in Figures 4.28 and 4.29. 
 
 
4.4.3. MODULATION BY ENHARMONIC REINTERPRETATION 
Our previous discussions of enharmonic reinterpretation in §4.3.2 involved reinterpretation of an entire sonority 
to a new diatonic collection. When all notes in the sonority are respelled, then the generic voice-leading structure 
undergoes a t1 or t–1 transposition. Enharmonic modulation works differently: often only a single note of the 
sonority is enharmonically respelled. Figure 4.31 shows the German augmented sixth chord from the progression 
in Figure 4.29 respelled as a V7 in D♭ major; this enharmonic respelling replaces F♯ with G♭. 
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Figure 4.31. Enharmonic reinterpretation of the German augmented-sixth chord in Figure 4.29. 
 
 Since this enharmonic reinterpretation changes the generic voice-leading structure of the sonority by a 
single generic step, the voice-leading tools developed in Chapters 2 and 3 can be used to precisely describe the 
change in voice-leading structure. In Figure 4.31, the PT-class of the sonority changes from a seventh-chord 
subset, [0,1,5] PT7  , to a first-inversion triad, [0,2,5]
PT
7   and the OP-class of the sonority changes from [CEF]
OP
7   to 
[CEG]OP7  .  
Figure 4.32 illustrates these relationships in the two geometric spaces. The orange edges in Figure 4.32 
represent the enharmonic reinterpretation. It is apparent from both geometric spaces that the German 
augmented sixth sonority ([CEF]OP7   or [0,1,5]
PT
7  ) is non-triadic, but that it is a single step away from a triadic 
sonority. In the PT-space, the labeled chords represent the spacing of the chords as shown in Figure 4.31; 
however, if these chords were rotated with the generalized rʹ1 transformation (Figure 3.53), then the enharmonic 
reinterpretation would occur between [0, 3, 5]PT7   and [0, 4, 6]
PT
7  , or  [0, 2, 3]
PT
7   and [0, 2, 4]
PT
7  . 
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Figure 4.32. Two geometric analyses of an enharmonic reinterpretation of a German augmented-sixth chord   
(Figure 4.31); (a) using the mod-7 OP-space and (b) using the mod-7 PT-space. 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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The symmetry of the vii∘7 chord creates more opportunities for enharmonic reinterpretation. Figure 
4.33 shows a single vii∘7 in four different harmonic minor collections.  Since all of the enharmonic spellings are 
contextualized within some type of harmonic minor scale, HMIN(n), the scalar collections are all related by an s3 
transformation. Excluding the bass notes, the upper voices of the vii∘7 in this example form three different OP 
classes ([DFA]OP7  , [DFG]
OP
7  , and [DEG]
OP
7  ) and three different PT classes ([0,2,5]
PT
7  , [0,1,5]
PT
7  , and [0,2,6]
PT
7  ). 
The geometric analyses in Figure 4.34 show how the generic structures of these three spellings are related by 
single-step voice leadings. Figure 4.34b shows all possible closed-position rotations of the enharmonic 
reinterpretation. 
 
 
Figure 4.33. Enharmonic reinterpretation a vii∘7 chord. 
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Figure 4.34. Two geometric analyses of the enharmonic reinterpretation of a vii∘7 (Figure 4.33); 
(a) using the mod-7 OP-space and (b) using the mod-7 PT-space. 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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CONCLUSION 
 
 
 
 
 
This dissertation has proposed a variety of ways that geometric and transformational techniques can be used to 
study the voice leading of abstract four-voice progressions like the one in Figure C.1. Overall, nothing about the 
voice leading of this diatonic progression is particularly noteworthy; in fact, this conception of musical space 
surrounds us, emphasized by tonal harmony textbooks and pedagogical exercises.  
 
Figure C.1. A diatonic progression. 
 
The main theoretical apparatuses constructed in the preceding pages provide several viable options to 
analyze the motion of the upper voices of this example. Using the geometric approach from Chapter 2, we could 
conceive of this progression as a path around the central chain of 3-voice OP-space (Figure 2.39) or as a loop 
around the closed-position triads in the lower left of the 3-voice PT-space (Figure 2.51). Alternatively, we could 
employ the transformational system from Chapter 3 to represent the progression as a transformation network 
and as a path on the toroidal tile (Figure 3.32).  
Since the upper voices are all complete, closed-position triads with a variety of spacings, the 
transformational approach is particularly well-suited for this excerpt.1 Figure C.2 represents such a 
transformational analysis as a network and as a path on the toroidal tile. The analysis reveals that the example 
                                                        
1 It’s worth noting that the mod-12 triadic transformations cannot analyze this passage because of the E-diminished triad 
formed by the upper voices of the V7 chord.  
{
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&b
?b
˙˙˙ œœœ œœœ œœœ œœœ œœœ œœœ˙ œ œ ˙ œ œ
5 61 3 42
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uses three different types of motion to travel between triads: a single-step move captured by v1 (moves #1, #3, and 
#5), the common v2 transformation represented by a diagonal on the tile (moves #2 and #6), and triad rotation, 
r–1, from second inversion to first inversion (move #4). The path of this voice leading on the tile exposes a type of 
balance that might not be obvious from the score alone. The tonic is centered horizontally, surrounded by a 
zigzagging alternation of the paths of the v1 and v2 transformations.  With the exception of the rising leftward 
trajectory of r–1, each segment of the path travels either straight downward or diagonally to the upper right, both 
moves that involve ascending stepwise motion. We can understand the triad rotation (r–1) halfway through the 
excerpt as a “reset” that allows the upward steps to continue until the return of the tonic in its original spacing 
(F025).  
 
Figure C.2. An analysis of the progression in Figure C.1 using the generic voice-leading transformations;  
(a) as a transformation network and (b) as a path on the toroidal tile. 
 
(a) 
 
(b) 
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An underlying assumption of this entire document is that abstract four-voice progressions model voice-
leading relationships found in actual pieces of music—and the progression in Figure C.1 is no exception. The 
motions of the upper voices in Figure C.1 are identical to those in the pianist’s right hand in the opening of 
Beethoven’s “Spring” Sonata (Figure C.3). In fact, these exact triads appear twice in the movement’s primary 
theme, played first in an antecedent phrase by the piano (mm. 1–8), and then reiterated by the violin when the 
instruments trade roles for the start of a consequent phrase (mm. 11–18).  
 
Figure C.3. Beethoven, Sonata in F major for Violin and Piano, Op. 24, 1st movement, mm. 1–25. 
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In the context of the “Spring” Sonata, these triads serve as mere accompaniment, gently marking a steady 
passing of time beneath a soaring operatic melody. For the pianist, these triads fit comfortably in the right hand; 
the parsimonious motion is realized on the instrument as shifts to nearby keys—sometimes white and other 
times black due to the passage’s F-major diatonicity. For the violinist, these triads are perhaps slightly less 
idiomatic (requiring constant oscillation between strings), but nonetheless, they remain relatively smooth. The 
passage’s parsimoniousness takes a different appearance on the fingerboard of the violin than on the keyboard, 
sometimes appearing as ascending motion along a continuous string, but other times involving a step in a discrete 
space to the string a fifth higher.2 For both instrumentalists, however, the physical realizations of these triadic 
relationships are just as familiar as the voice-leading reduction of these chords (Figure C.1) is to a music theorist. 
This brings us to a final remark about the nature of voice leading, one that ties the abstract to the physical: 
 “[T]he basic method for teaching tonal harmonic understanding is through voice leading. And 
while this concept becomes abstract in a vast variety of musical contexts, its derivation, and the 
derivation of a huge amount of tonal behavior, stems from vocal practice: voice leading is a 
study of what voices, our voices, do in certain musical contexts…” (Mead 1999, 8–9)  
 
 
For many musicians, moving through mod-7 space is intuitive: our ears instantly recognize tonal 
paradigms, our hands know the gestures required to play such progressions, and our eyes quickly assess visual 
patterns of voice leading on the staff. In some ways, these intuitions seem more precise at capturing musical space 
than a rigorous transformation network or a path through an abstract topological space. I certainly do not intend 
this work to replace any of those modes of thought; rather, I hope it has exposed a new perspective from which 
those intuitions about voice leading are deeply intertwined with structure of the triad itself—as a mod-7 set class 
in generic space.  
                                                        
2 See De Souza (2017; 2018) for a study of the relationship between instruments and musical spaces. 
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